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OUTLINE OF THE TALK
� families of frames in the theory of eviden
e� latti
e stru
ture of the families of frames� a 
omparison: subspa
e and frame latti
es� independen
e on Birkho� latti
es{ abstra
t linear dependen
e{ atom independen
e for semimodular latti
es� 
andidate independen
e relations forgeneri
 elements{ on frames and subspa
es�modularity and 
andidate independen
erelations� an equivalent 
ondition for modularity



FAMILIES OF COMPATIBLE FRAMES� given two frames (�nite sets) � and 
, a map ! : 2� !2
 is a re�ning if:1. !(f�g) 6= ; 8� 2 �;2. !(f�g) \ !(f�0g) = ; if � 6= �0;3. [�2�!(f�g) = 
� if �1; :::;�n are elements of a family F then there existsa unique element (minimal re�nement) � 2 F s.t.1. 8i 9 !i : 2�i ! 2
 re�ning;2. 8� 2 � 9 �i 2 �i for i = 1; :::; n su
h thatf�g = !1(f�1g) \ ::: \ !n(f�ng)� family of frames: non-empty 
olle
tion of �nite non-empty sets F satisfying1. 
omposition of re�nings2. identity of 
oarsenings3. identity of re�nings4. existen
e of 
oarsenings5. existen
e of re�nings6. existen
e of 
ommon re�nements.



FAMILIES OF COMPATIBLE FRAMES
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10� example of 
ompatible frames: a number between 0and 1 is expressed in several di�erent basis, with di�erentpre
isions�minimal re�nement of a 
olle
tion �1; :::;�n: rough-est frame whi
h is re�nement of all the frames



LATTICE STRUCTURE OF THE FAMILIESOF FRAMES

Θ Ω

� order relation�2 � �1 � 9 �3 s:t: �2 = �1 
 �3 � 9 ! : 2� ! 2

� sup supF (f�1; :::;�ng) = �1 
 � � � 
 �n
� a family of 
ompatible frames F is a lo
ally Birkho�latti
e bounded below, i.e. is a semimodular latti
eof lo
ally �nite length with initial element



COMPARING SUBSPACE AND FRAMELATTICES� the 
olle
tion of subspa
es of a linear spa
e is a semimod-ular latti
e

L(V ) L(�)initial element 0 f;g 0Fleast upper bound a _ b span(V;W ) �
 
greatest lower bound a ^ b V \W �� 
order relation a � b V � W 9 ! : 2� ! 2
rank h(a) dim(V ) j�j



INDEPENDENCE OF FRAMES ANDSUBSPACES� �1; :::;�n 
ompatible frames, and!i : 2�i ! 2�1
���
�nthe 
orresponding re�nings to their minimal re�nement
� �1; :::;�n are 
alled independent if!1(A1) \ � � � \ !n(An) 6= ;whenever ; 6= Ai � �i for i = 1; :::; n
� independen
e 
onditions on ve
tors and frames show asimilarityPi vi 6= 0 , v1 + ::: + vn 6= 0; 8vi 2 VimTi Vi = ; , spanfV1; :::; Vng = R d1 � � � � � R dn
Li�i = 0F , �1 
 � � � 
 �n = �1 � � � � � �nmTAt 6= V , !1(A1) \ � � � \ !n(An) 6= ;



ABSTRACT LINEAR DEPENDENCE ONATOMS OF BIRKHOFF LATTICES
� if L is a latti
e bounded below then its atoms are theelements of L 
overing 0, namelyA = fa 2 Lja � 0g
� 
onsider the set F(M) of all the �nite subsets of a givenset M and de�ne in the produ
t M �F(M) a relation �
� � is said to be a linear dependen
e on the set M when
1. pj � fp1; :::; pmg; j = 1; :::; n
2. if p � fp1; :::; pmg and 8 j; pj � fq1; :::; qngthen p � fq1; :::; qng
3. if p � fp1; :::; pm; qg but p �0 fp1; :::; pmg thenq � fp1; :::; pm; pg



CANDIDATE INDEPENDENCERELATIONS FOR GENERIC ELEMENTS
� 1. fp1; :::; png are LI1-independent ifpj 6�_i6=j pi 8j (� pj ^_i6=j pi 6= pj 8j)
2. fp1; :::; png are LI2-independent ifpk ^ (p1 _ � � � _ pk�1) = 0; k = 2; :::; n
3. fp1; :::; png are LI3-independent ifh(p1 _ � � � _ pn) = h(p1) + ::: + h(pn)

� the restri
tions of the above relations to the set of theatoms A of a latti
e are equivalent, namelyfa1; :::; ang LI1 � fa1; :::; ang LI2 � fa1; :::; ang LI3and their 
omplement is a linear dependen
erelation



CANDIDATE RELATIONS ON FRAMESAND SUBSPACES
� on ve
tor subspa
es (modular latti
e)1. LI1: Vj 6� span(V1; :::; V̂j; :::; Vn) 8j2. LI2: Vk \ span(V1; :::; Vk�1) = ; for k = 2; :::; n3. LI3: dim(span(V1; :::; Vn)) = dim(V1)+ :::+ dim(Vn)� on frames (semimodular latti
e)1. LI1: �j is not re�nement of �1 
 :::�̂j:::
 �n2. LI2: �k � (�1 
 :::
 �k�1) = 0F for k = 2; :::; n3. LI3: j�1 
 :::
 �nj =Pi j�ij
� for L(V ): LI2 � LI3, LI2 ) LI1 but LI1 6) LI2� for L(�), instead, LI2 6) LI1



LI2 6) LI1: A COUNTEREXAMPLE
� a 
ounterexample for the 
onje
ture LI2 ) LI1in the frame latti
e

� the above diagrams represent, given P1
 � � � 
 Pk�1 (topset) and Pk, one 
hoi
e of Pk+1 
ontradi
ting the hypoth-esis



SCHEME OF THE PROOF
� this suggests a 
onne
tion between the 
andidate relationsand the property of the underlying latti
e



MODULARITY AND CANDIDATERELATIONS



AN EQUIVALENT CONDITION FORMODULARITY� relations among LI1, LI2 and LI3 for semimodular (left)and modular (right) latti
es



CONCLUSIONS AND PERSPECTIVES
� the algebrai
 stru
ture of the 
olle
tions of Boolean alge-bras suggests a 
onne
tion between linear depen-den
e and modularity


