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OUTLINE OF THE TALK

e famailies of frames in the theory of evidence

e lattice structure of the families of frames

e a comparison: subspace and frame lattices

e independence on Birkhoff lattices

— abstract linear dependence

— atom independence for semimodular lattices

e candidate independence relations for
generic elements

—on frames and subspaces

e modularity and candidate independence
relations

e an equivalent condition for modularity



FAMILIES OF COMPATIBLE FRAMES

e given two frames (finite sets) © and 2, a map w : 2° —
2 is a refining if:

1L.w({0}) #£0 Vo € O;
2.w({f}) Nw{#'}) =0 if 6 #6"
3. Ugeow({0}) = ©2

o if O,...,0, are elements of a family JF then there exists
a unique element (minimal refinement) © € F s.t.

1. Vi 3 w; : 29 — 2% refining;
2.0 e ©30, €0, forv=1,...,n such that

10} = wi({6i}) N N wn({0n})

e family of frames: non-empty collection of finite non-
empty sets F satisfying

o Ot W =

composition of refinings

. tdentity of coarsenings
. tdentity of refinings

existence of coarsenings
existence of refinings
existence of common refinements.



FAMILIES OF COMPATIBLE FRAMES
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e example of compatible frames: a number between 0
and 1 is expressed in several different basis, with different
precisions

e minimal refinement of a collection ©4, ..., ©,,: rough-
est frame which is refinement of all the frames



LATTICE STRUCTURE OF THE FAMILIES
OF FRAMES

O® ()

e order relation
6)22@153633.15.@2:®1®@353w:2@%29

® Sup

Sup<{@17 e @n}> — @1 SRR @n
o

e a family of compatible frames F is a locally Birkhoff
lattice bounded below, i.e. is a semimodular lattice
of locally finite length with initial element



COMPARING SUBSPACE AND FRAME
LATTICES

e the collection of subspaces of a linear space i1s a semimod-
ular lattice

V=span(V;,V,)

initial element O {0} 0r

least upper bound a Vb | span(V, W) O® 0

greatest lower bound a Ab| VNW CNSRY

order relation a > b VoW |Fw:29 - 2%

rank h(a) dim(V) [S)




INDEPENDENCE OF FRAMES AND
SUBSPACES

e Oy,..., 0, compatible frames, and

w; 291 — 291 E0n

the corresponding refinings to their minimal refinement

e O,..., 0, are called independent if
W1<A1) ARERNS wn(An) 7é @
whenever ) # A, C ©; fori=1,...,n

e independence conditions on vectors and frames show a
similarity

Youi#0 & v+ ...+0v,#£0, Yy, €V,

0

mzvz:@ = Span{‘/i,...,vn}:Rdl N XRdn

@i@¢=0]:<=> @1@"'®@n=@1><---><@n

0
NAZAN & wld)n-Nw(d,) #0



ABSTRACT LINEAR DEPENDENCE ON
ATOMS OF BIRKHOFF LATTICES

e if L is a lattice bounded below then its atoms are the
elements of L covering 0, namely

A={a€ Lla > 0}

e consider the set F(M) of all the finite subsets of a given
set M and define in the product M x F(M) a relation A

e \ is said to be a linear dependence on the set M when

L. p; A {pla °°'7pm}7 ] — ]-7 ey T

2.1 p AM{p1, .., pm} and V 3, p; A{q, ..., gn}

then p A {q1, ..., qn}

3. lfp A {p17 ~°°7pm7Q} but p N {pla °°°apm} then

q AMpi1,....Dm, D}



CANDIDATE INDEPENDENCE
RELATIONS FOR GENERIC ELEMENTS

e 1. {p1,...,pn} are LZ;-independent if

p; £\ piVi (=p; A\ pi #p; Vi)
i#] i#]

2.{p1, .-, pn} are LIr-independent if

pk/\<p1\/\/pk—1) :07 k:27“°7n

3. {p1, ..., pn} are LZ3-independent if

h(p1V -V pn) = h(p1) + ... + h(pn)

e the restrictions of the above relations to the set of the
atoms A of a lattice are equivalent, namely

{ay,...,a,} LT = {aq, ...,a,} LTy ={ay,...,a,} LI

and their complement is a linear dependence
relation



CANDIDATE RELATIONS ON FRAMES
AND SUBSPACES

e on vector subspaces (modular lattice)

1. LZ:: V; & span(V4, ..., \7j, s V) Vg

2. LTy Vi Nspan(Vy, ..., V1) =0 for k=2,...,n

3. LT3 dim(span(Vy,...,V,)) = dim(V}) + ... +dim(V},)
e on frames (semimodular lattice)

1. £LZ,: ©; is not refinement of ©; ® @] ® 6,
2. L5 O D (@1 X ... & @k—l) =0rfork=2,...,n

3.LI3: |01 ®...0 0, =>.16

o for L(V) LT, = ,Cz'g, LT, = L1 but L1, 7é> LT

o for L.(O), instead, LTy # LT,



LT, A LT: A COUNTEREXAMPLE

e a counterexample for the conjecture LZy = L1,
in the frame lattice

1,® &I,

—

Hk - 1_Ik+1

I
)

e the above diagrams represent, given Pi ® - - - ® Pj_1 (top
set) and Py, one choice of Py, contradicting the hypoth-
esls



SCHEME OF THE PROOF

e this suggests a connection between the candidate relations
and the property of the underlying lattice

MODULAR BOUNDED BELOW

as<bvcanb=0=a<c
MODULAR BIRKHOFF BOUNDED BELOW

J BIRKHOFF BOUNDED BELOW

g ...vq, =

LI3

laip ~nqg, =0 i

LI3

A

LI3

A

(anb)v(brc)=b

BIRKHOFF



MODULARITY AND CANDIDATE
RELATIONS




AN EQUIVALENT CONDITION FOR
MODULARITY

e relations among L7, LZ5 and LZ3 for semimodular (left)
and modular (right) lattices




CONCLUSIONS AND PERSPECTIVES

e the algebraic structure of the collections of Boolean alge-
bras suggests a connection between linear depen-
dence and modularity



