
IS
S

N
 0

24
9-

63
99

   
   

 IS
R

N
 IN

R
IA

/R
R

--
58

27
--

F
R

+
E

N
G

ap por t  


de  r ech er ch e 


THÈME 3

INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Generic Calibration of Axial Cameras

Srikumar Ramalingam — Peter Sturm — Suresh K. Lodha

N° 5827

December 2005





Unité de recherche INRIA Rhône-Alpes
655, avenue de l’Europe, 38334 Montbonnot Saint Ismier (France)

Téléphone : +33 4 76 61 52 00 — Télécopie +33 4 76 61 52 52

���������	��
 ��
���������
�������� ��������� 
��!��
#" ���	
�$

%�& ')(+*-,/.0&213.4,5.06)'87-9:.0, ∗ ;=<�>@?A> &�% ? *	&B, † ; %�*	& >DCAEGFIHKJML�N-E . ‡
OQPSR TVU�W�X Y[Z@\]U�^]_a`�\]bdceZfPSceT3TVU�ghT�_i`jPkblZkUim

blT3_aneU o�mSpkcaZkZkq U�o m0` caZkZr_abdoso]_iZk` U�o
t=^scvuwU�\yxzc|{}b

~�_a�k�4ce^w\�pkU�^sU `jPSU ^s`jPSU�Zr�=�a�@�e��X ��U `�U T��4U ^��a�e�@��X��A���r_aneU�o

�2�	���A�|�r�a�@����� \]PSce�kneP�TVceow\K�Mce^s ¡o¢blZV` ceTV�k�S\sU ^={}blosbdceZ��kosU��4U ^sow�£U�`�\sbd{eU�ce^Kca\sPkU ^K` U�Z@\]^]_ � ` _aTVU ^]_io m
\]PkU�bdZ@\]U ^wU o¤\�blZ¥ZkcaZDg[`�U Z@\]^s_ � ` _aT3U�^]_2TVcDpSU � o�Pr_ao�bdZk` ^wUB_aowU p � _i\]U �d¦ m£U ow�£U�` b§_ �l�d¦ ��b¨\]P¥^sU�os�4U `�\�\]c�ceT�g
ZkblpSbl^sU�`�\sblceZr_ � {}blowblceZ:©#ª�_ � bd�k^]_i\sblceZ�_aZkp¥o¤\]^s�S`�\]�S^sU�g¬«­^sceT�g[TVca\sblceZf_ � nace^sb¨\]PkTVo�U¯®Dblow\�«­ce^y�4ca\]P°m:` U Z@\s^]_ �
_aZkp±ZkceZ}g[` U�Z@\]^]_ � `B_iT3U�^]_ao�© � Z±blZ@\]U�^sTVU pkbl_i\]U#` � _aoso�ca«K` _aTVU ^]_io m+_ � \]Pkca�kneP²U�Zk` ce�SZ¡\sU ^wU p³^]_i\sPkU ^y«­^wU�g
´ �kU Z@\ �¨¦ m@Pr_io=^sU `�U b¨{eU p � U oso�_i\s\sU Z@\]bdceZ°©=µ}cig[` _ �l� U p�¶B·e¸8¶a¹0ºs¶a»�¼�½w¶v¾-_a^sUMZkceZDgh` U Z@\s^]_ � �S�S\�\]PSU bl^-�k^sc|uwU `�\sblceZ
^]_ ¦ o�_a^sU�`�ceZkow\s^]_abdZkU p¿� ¦ \sPkU�U�®Dblo¤\]U�Zk` U�ca«-_ � bdZkU�\sPr_i\�` �D\]o�_ �d� ca«�\]PSU Tz©=OQPkbloQbdoÀ\]PkU�` _aosU�«­ce^Àow\]U�^sU�c
o ¦ ow\sU TVo m£T�_aZ ¦ ZkcaZDg[`�U Z@\]^s_ � `B_i\]_apkblca�S\]^wbl`�`B_iT3U�^]_ao�_aZkpf�k�kowP}�S^sc}ceTÁ`B_aTVU ^s_ao�«­ca^�U¯®S_aT3� � Ua©MY[Zf\sPkblo
^sU��£ce^¤\Bm4�ÀU�o¤\]�kp ¦ \sPkU�neU�ceTVU�\]^ ¦ ca«¢_v®Db§_ � ` _aT3U�^]_ao�_aZkp¥�S^sce�4ceosU�_3` _ � bd�k^]_i\sblceZf_a�k�S^sc@_a`jPf«­ce^�\sPkU Tz©
ÂÃU�_ � owc�pSU os`�^sbd�£U�\]PkU�{i_a^sbdce�ko¢_v®Db§_ � ` _i\j_ipkblce�D\]^sbd`�` ceZSÄkne�k^]_v\]blcaZko=��Pkbl`jP�_i^sU�T3ce^wU�` ceTVT3caZ�_aZSp � U�oso
^sU�ow\]^wbl`�\]bd{aUy\]Pr_iZz`�U Z@\]^s_ � `B_v\j_apkbdce�S\s^sbl`�ceZkU�o ©KÅ	bdZr_ �l�¨¦ �ÀU��kowU pzosbdT�� � _v\]blcaZkoÀ_iZkp¿^sUB_ � U�®D�4U ^sbdT3U�Z@\]o�\]c
�k^scA{aU#\sPkU�{a_ � blpSbd\ ¦ ca«	ca�k^�\]PkU�ce^ ¦ ©
ÆfÇ@È:ÉwÊ�Ë �vÌ-�i� ª�_ � bd�k^]_i\sblceZ:mD` _aT3U�^]_�TVcDpkU � mDpkblo¤\]ce^¤\]blcaZ°mSo¤\]U ^wU ckmrcaT3Zkbdpkbl^wU `�\]blcaZr_ � m¡` _i\j_apSblce�S\s^sbd`

∗ Í]ÎeÏ]Ð Ñ�ÒaÓ�Î|ÔvÕBÍ¯Ö4×§ÑeÕBÍ ÕS×8Ö�Ø�Ñ
† ÙAÖ�Ú|Ö�Î:×­Û�Ú ÑAÎ¯ÒaÔiÏsÜAÎeÏjÓBÝ¯ÞAÖvÍk×àß�Î
‡ áâäãAåAævçBè	é¤ê)ë�ì ívé¤ê¬é¯ì ëwå|í



� 
#�������	
 � � ��� � � �-�������	��� 
�
�" � �	
#$ 
y�2��
#����$


�� ��
�� � � � _ � � �S�r_a^w\¿pSU o�\]^s_A{i_a�}®!U Z!{}blosbdceZ �r_a^�ca^spkbdZr_i\]U��k^�U TV� � ceblU�Z¡\ � U¥TVcDpkR � U²pSU¥`B_vg
T3q�^]_��4U ^sow�£U�`�\sbd{eU#ce�¿p��ä_a�S\s^sU o�TVcDpSR � U�o�pkU�`B_iT3q�^]_�` U�Z¡\s^]_a�}®:m0`��äU�ow\wg��vg[pSbl^sU���«­c ¦ U�^��kZkb ´ �kUi©K~�q�` U�T�g
T3U�Z@\Bm � �äbdZ@\]q ^���\À�£ce�S^ÀpkU�o�T3c}pkR � U oMZkceZDgh` U�Z¡\s^]_a�}®�_�_i�kneTVU Z@\]q�` ceZkowblpkq�^]_a� � U TVU Z@\ mSos�S^w\]ca�S\QU Z�` U ´ �kb
` ceZS` U ^wZkU � _�{DbdosbdceZ²�r_aZSce^]_aTVb ´ �kUim:ce�¥�SblU Z�ceT3ZSblpkbd^sU `�\]bdceZkZkU �l� Ui©�Y � U�®Dblo¤\]U�pkU�o�_ � nece^sb¨\]PkTVU o�pkU�` _ � b g
�k^]_ineU�U�\�pkU��#ow\]^w�k`�\s�k^sU¯gh«­^wceT�ghT3ci\]blcaZ��V�£ce�S^MpkU�o�`B_iT3q�^]_aoM` U Z@\s^]_ � U oÀca�2ZkceZDgh` U�Z¡\s^]_ � U o�©���ZkUy` � _aowosU
blZ@\]U�^sTVq pkbl_abl^wUame�SblU Z ´ �kU�^wU Zk`�ceZ@\]^wq Uy_iososU� �«­^wq ´ �kU TVTVU Z@\Bm}_�ow�kos`�bd\sq�TVceblZSo=p�� _v\s\]U�Z@\]blcaZ"!-Zkce�koM_a�k�4U�g
� ceZSo�ºs¶a»�#�½s¶v¾�¶B·e¸8¶a¹l¼j¾	`�U �d� U o=pSceZ@\ � U o � blneZSU o�pkUQ{}�kU�Z�� ceZ@\¢�r_ao=pkUQ«­c ¦ U�^¢�SZkb ´ �kUim@T�_abdo�c%$�b � U�®Dblo¤\]UQ�kZkU
� bdneZkU ´ �kb � U oK`�ce�k�4U�\sce�S\]U�o ©¢ª&� U o¤\ � U�` _aoM�k_a^KU�®DU TV� � U��4ce�k^ � U�oM` _aT3q�^]_aoKpkU�\ ¦ �£U��k�kowPDg[�k^wcDcaTfm@�4ce�k^
�£U _a�k`�ce�k�VpkU�o ¦ ow\]R�T3U�oM` _i\j_ipkblce�D\]^sb ´ �kU o�m@ce��U Zk`�ce^sU��£ca�k^=`jPr_ ´ �kU�o ¦ ow\sR TVU�o¤\]q�^sq cSm}o��äb � U o¤\ÀbdZ@\]U ^w�k^sq�\]q
` ceTVTVUV�SZÃosU�� � `B_a�D\]U �S^ ©��y_iZko�`�U3^s_a�k�4ce^w\ m-ZSce�ko#q�\]�SpkblceZSo � _�neq ceTVq�\s^sbdUVpSU o#`B_aTVq ^s_ao#_v®Db§_ � U o�U�\
U Zf�k^sce�4ceowceZko��kZkU�_a�k�k^wcD`jPkU#pkU#`B_ � bl�k^s_aneUi©('�ce�ko�pkq `�^sb¨{eceZko�q ne_ � U�T3U�Z¡\ � U o�pkbd{aU ^wosU o�` ceZDÄrne�k^s_i\]bdceZko
`B_i\]_apkbdce�S\]^wb ´ �kU�oK_v®Db§_ � U o ´ �kbrowceZ@\ � UQ� � �So=` ceTVT��kZkU�oKU�\ ´ �kbroscaZ¡\¢TVceblZSo�^sU�ow\]^wbl`�\]bd{aU o ´ �kU � U o=TVc}pkR � U o
`B_i\]_apkbdce�S\]^wb ´ �kU�oÀ` U�Z@\]^]_i�D®£©()=ZSÄkZ°mSZkca�koÀ�k^wce�S{aceZko � _#{i_ � bdpkbd\sqQpkUyZkci\]^sU�\]Pkq�ce^sbdU��k_a^ÀpkU�oÀU¯®S�4q ^wblU�Zk` U�o
os�k^�pkcaZkZkq U�o�owblT�� � q U�oQU�\�^sq�U �d� U o�©
* Ë �A� É �,+ � �#� ª�_ � bl�S^]_aneUimiTVc}pkR � U¢pSUM` _aT3q�^]_Smipkblo¤\]ce^wosbdceZ°mvow\]q�^sq�ckmaceTVZkbdpkbl^wU `�\sblceZSZkU � mA`B_i\]_apkblca�S\]^wb ´ �kU



� ¼��:¼�½¯¸¬º��K¶a¹ ¸�� ½s¶��8¸
	���	�
���·e¸8¶a¹��K¶a»�¼�½w¶v¾ W

� ç�� ��� � � é��

Å	blna�k^sU2� ! )�®S_aTV� � U o�ca«M_v®Db§_ � blT3_anebdZkn�TVc}pkU � o��)_���o¤\]U�^sU cz`B_iT3U�^]_��8���y_¿TVbl^w^sce^�«­ce^sTVU p¥� ¦ ^wca\j_v\wg
blZkn�_�� � _aZr_a^#` �k^¤{eU¿_a�4ce�S\�_aZ _|®Sbdo�`�ceZ@\j_abdZkblZknz\]PkU3ce�S\sbl`B_ � `�U Z@\]U�^�ca«�\sPkU2�4U ^sow�£U�`�\sbd{eU�`B_aTVU ^s_S©��­`��
ª�_ � bd�k^]_v\]blcaZ�ca«-_v®Db§_ � `B_iT3U�^]_ao��SosblZSn�`B_ � bl�k^s_i\]bdceZ�ne^wblpko�!�OQPkU��k^wcvuwU `�\]blcaZ�^]_ ¦ o mr`B_iT3U�^]_�_v®Dbdo�_aZkp2\[�Mc
ne^sbdpko�_a^wU�osPkcA��Z°©�OQPkUV_v®Dblo�bdZ@\]U ^wosU�`�\]o#_i\

a
_aZkp

b
ceZ¥\sPkU�Är^so¤\�_aZkp¥\]PkU�owU ` caZkpI` _ � bd�k^]_v\]blcaZ²ne^sbdpko

^sU�os�4U `�\sbd{aU �d¦ ©

 ! ���+�-� � �z
¢�������

x�_aZ ¦ `B_iT3U�^]_�T3c}pkU � o�Pr_B{aU��4U U�Z�` caZkosbdpkU ^wU pVblZ�` ceTV�k�S\sU ^�{}blowblceZV_aZSp3^wU � _v\]U p�ÄrU � pko¢_aZSp3U�{eU Z3T3ca^sU
\j_ ¦}� ce^ g[T3_apkU#`B_ � bl�k^s_i\]bdceZ¿T3U�\]Pkc}pko�Pr_B{eU��4U U�Z¥pkU�{aU � ca�£U�p°©#xfceo¤\yca«=\sPkceosU�_a^sU�pkU owblneZkU�p²«­ce^�` U Z@\s^]_ �
`B_aTVU ^s_ao m4�k�S\�_a�k�S^sc@_a`jPSU oy_iZkp�o¤\]�kpkbdU o�«­ce^�ZkceZDgh` U Z@\s^]_ � ce^�neU ZkU�^]_ � ceZSU oy_ � oscVU�®Dbdow\#" �Dm4�Sm%$Sm��A�}m��e�em
�AWSmK�|�¡m¢�A�}m W'&)© � ZIblZ@\]U�^sTVU pkbl_i\]U�` � _aowo�ca«À`B_aTVU ^s_ao m �d¦ bdZkn¿�£U�\[�ÀU�U Z ` U�Z@\]^]_ � _aZSp³«­� �d�d¦ ZSceZDg[`�U Z@\]^s_ �
ceZkU�o m°bdo�\sPr_i\yci«Koscigh`B_ �d� U p ¶B·e¸8¶a¹�ºs¶a»�¼�½s¶v¾ !M\]PkU�bl^��S^scvuwU�`�\]bdceZ²^s_ ¦ o�_i^sU�`�ceZko¤\]^]_iblZkU�p²� ¦ \sPkU�U�®Dbdow\]U�Zk` U
ca«-_ � bdZkU�\sPr_i\Q`��S\]o�_ �d� ci« \sPkU TzmD\sPkU �e� � Ç �|�¥�)(+*)� mS�k�S\�\sPkU ¦ T�_ ¦ Zkca\Qnec�\sPk^sca�kneP¿_�osbdZkn � U�ce�S\sbl` _ �
` U�Z¡\sU ^�©

OQPSU�_v®Db§_ � TVcDpkU � bdo�_�^s_i\]PkU�^��kowU�«­� � ceZkU��­`�« ©�Ärne�S^sU��,�8_��M_iZkp-�8�.�/��©¢x�_iZ ¦ T3bdo]_ � blneZSU pV`B_i\]_apkblca�Dg
\]^wbl`�` caZSÄrne�k^s_i\]bdceZkoy«8_ �d� �kZSpkU ^�\]Pkbdo�T3c}pkU � ©�µD�S`jPÃ` caZSÄrne�k^s_i\]bdceZko�m°��Pkbl`jPI_a^sU�o � blnaP¡\ �d¦ ZkceZ}g[` U�Z@\]^]_ � m
_a^sU#�kow�r_ �l�¨¦ ` � _aowosbdÄkU pf_ao�_�ZkceZ}g[` U�Z@\]^]_ � `B_aTVU ^s_3_aZSpf` _ � bd�k^]_i\sU p¿�kowblZkn3_aZzbd\]U�^]_i\sbd{aU�ZkceZ � blZkU _a^�_ � nacig
^sb¨\]PkT0" �|�¡m=�em �1&)©�Årce^�U¯®S_aT3� � Uam°��PSU ZkU�{eU ^�\]PkU�TVbl^s^wce^�bdo#_¿ow�k^w«8_i` UVca«À^wU�{ac � �S\sblceZ³_aZSp³\sPkU�` U Z@\s^]_ �
`B_aTVU ^s_ � cDca }bdZkn�_i\�\sPkU�T3bd^s^sca^ � bdU o�_aZ ¦ ��PkU ^wU�ceZ¿\]PSU#^wU�{ac � �S\sblceZz_v®Dbdo mk\]PSU#o ¦ ow\]U�TÁblo�ca«	_v®Db§_ � \ ¦ �4Ua©
År�k^w\sPkU ^wT3ce^wUam|\[�Àcvg[`B_iT3U�^]_�o¤\]U�^sU c�o ¦ ow\sU TVo	ce^ o ¦ ow\sU TVo	`�ceZkosbdow\sblZkn�ca«S\sPk^sU�UÀce^�TVce^sUM_ � bdneZkU�p#` _aTVU ^]_io m
_a^sU#_v®Dbl_ � ©	tK�SosP¡�k^sc}ceT�` _aT3U�^]_ao2" �'&�_i^sU#_aZkca\sPkU ^QU¯®S_aT3� � Uamk_ � \sPkce�kneP2\sPkU ¦ _i^sU�ca«	_�T3ce^wU�^sU�ow\]^wbl`�\]U p
` � _aoso3�­\sPkU ^wU�U�®Dblo¤\�\[�McV`B_aTVU ^s_V_|®SU�o#"54�&���©

Y[Z�\sPkbloQ^wU �4ce^w\ mS�ÀU#�k^wce�£caosU�_�neU ZSU ^sbd`�`B_ � bl�k^s_i\]bdceZ�_a�S�k^sc@_i`jP¿«­ca^�_v®Db§_ � ` _aTVU ^]_io mS\sPkU�Är^so¤\Q\]c�ce�k^
 ¡ZkcA� � U pSneUa© Yh\V�kosU�o3bdT�_ineU o�ci«�� � _aZr_a^�`B_ � bl�k^s_i\]bdceZ ne^wblpko�m¢�S�S\VblZ �kZk ¡ZkcA��Z/�£ceowbd\sblceZko�©ÃÂIUzowPkcA�
\]PkU�U�®Dblo¤\]U�Zk` U�ci«�T�� � \]b gh{}blU�� \sU Zkowce^so�\sPr_i\�`B_aZf�£U�U o¤\]blT3_i\sU p � blZSUB_a^ �d¦ _iZkp�«­^scaT ��Pkbl`jPf\]PkU��£ceowU�ca«
\]PkU�` _ � bd�k^]_v\]blcaZfne^wblpko�_ao��MU �d� _ao�\sPkU��4ceosb¨\]blcaZ�ca«K\]PSU�`B_aTVU ^s_�_v®Dblo�m°`B_aZ¥�4U�^wU ` cA{aU ^sU�p°©�OQPSU�_a`�\s�r_ �
`B_ � bl�k^s_i\]bdceZ�bdo	\]PSU Z��£U�^w«­ce^wT3U�p�� ¦ ` caT3�k�D\]blZSn��k^scvuwU�`�\sblceZ�^s_ ¦ o�«­ce^�_ �l� blZkpSbd{}blpk�k_ � �Sb¨®DU � o�ca«£_�`B_aTVU ^s_Sm
` ceZSow\]^s_ablZSU p¿\]c�` �S\�\sPkU�`B_aTVU ^s_V_|®Sbdo ©

OQPSU�^sU��£ca^w\�blo�ce^sne_aZkb  �U pÃ_ao#«­c �l� cA��o�©2OQPkU��S^sce� � U T bdo�«­ca^sT3_ � b   U p±bdZIowU `�\sblceZ �}©¿Y[ZÃowU `�\sblceZÃWSm
�ÀU3osPkcA� ��Pk_i\#`B_aZI�£U�pkceZSUV��b¨\]P±\[�ÀcfblT3_aneU o�ci«À` _ � bd�k^]_i\sblceZ¥na^sblpSo ©�ªÀceT3� � U�\sU�`B_ � bl�k^s_i\]bdceZ²�kowblZkn
\]Pk^wU U�blT3_aneU�o m°bdo�pkU ow` ^wbl�4U p³blZ±osU�`�\]bdceZ�4km°«­c �d� cA�ÀU�p¥� ¦ _¿�S�kZkp � U�_apvuw�ko¤\]TVU Z@\�_ � neca^sbd\sPkT�blZ±owU `�\sblceZ
�S©76¢_a^wblce�koK\ ¦ �£U�o�ca« _v®Dbl_ � `B_i\]_apkblca�S\]^wbl`�`B_aTVU ^s_aoÀ_i^sU � blow\sU p3blZ�owU `�\]blcaZ¿�D©�)	®D�£U�^sblTVU Z@\]_ � ^wU ow� � \so�_aZkp
` ceZS` � �SosblcaZko�_a^sU�neb¨{eU�ZfbdZzowU `�\]blcaZko��V_iZkp8$}©

9:9<;�=?>A@CB�D



4 ��¶a»V¶a¹ ¸ ���@¶a»����.���}½¯»
	�� 	�
��S¶

� � �-���¿����" �����	" ����
��������
Y[Z \]PkU²«­c �d� cA��blZSnkmM�MU¥��b �l� `B_ �l���e� � Ç �|� �)(+*)� \sPkU � bdZkU�`��S\s\sblZkn _ �l� �k^scvuwU�`�\sblceZ ^s_ ¦ o�©�Yh\2��b �l� �£U
^sU��k^sU�osU Z@\sU p²� ¦ _��vgh{aU `�\]ce^

L
_aZkp�\sPkU#_aosowcD`�b§_i\sU p

4× 4
os aU���g[o ¦ TVTVU�\]^wbl`#t ��� `j iU ^�T3_i\]^wb¨®

[L]×
!

[L]× =









0 −L4 L6 −L2

L4 0 −L5 −L3

−L6 L5 0 −L1

L2 L3 L1 0









OQPkU��k^wcDpk�S`�\
[L]×Q

nabd{eU�o�\]PSU�� � _aZkU�ow�r_aZkZSU p±� ¦ \sPkU � blZkU
L

_aZSp�\]PkU��£cebdZ@\
Q

©�ªÀceZkowblpkU�^�«­�k^w\sPkU ^
\]PkU�\[�Mc2Wvg¬{eU�`�\]ca^so !

A =





L5

L6

L4



 , B =





L2

L3

L1





«­ce^=��Pkbl`jPV\]PkU�t ��� `j aU ^¢` caZkow\s^]_abdZ¡\¢Pkc � pko�!
BTA = 0

©
A

^wU �k^wU owU Z@\]o¢\]PkU��£cablZ@\¢_i\¢blZSÄkZkbd\ ¦ ca«:\sPkU � blZSUa©
OQPkU�t ��� `j aU�^�T3_i\s^sb¨®�`B_iZz�4U���^sb¨\s\]U�Zz_ao !

[L]× =









0 −L4 L6 −L2

L4 0 −L5 −L3

−L6 L5 0 −L1

L2 L3 L1 0









=

(

[A]× −B

BT 0

)

OQPSU³` _ � bd�k^]_v\]blcaZ �k^wce� � U�T `�ceZkosbdpkU ^wU p blZ \]PSblo�^sU��£ca^w\�bdo2\]c ` ceTV�k�S\sU¥�k^sc|uwU `�\sblceZ!^s_ ¦ o�«­ce^¿_ �d�
�kb¨®DU � o�ci«¢_�`B_aTVU ^s_Sm0«­^sceTÁblT3_aneU�o�ci«K� � _aZk_a^�` _ � bd�k^]_v\]blcaZzna^sblpSo�blZf�kZk ¡ZkcA��Z±�£caosbd\sblceZSo ©�ÂÃU�_iosos�ST3U
\]Pr_v\�pkU�ZkosU��£cebdZ@\�`�ce^s^wU ow�£ceZSpkU Zk`�U o�_i^sUVnebd{aU Z°m-b¬© Ua©2«­ce^��8T3_aZ ¦ ���Sb¨®DU � o m��ÀU�_a^sU3_a� � UV\scfpkU�\]U�^sTVblZkU
\]PkU¥�4cebdZ¡\so�ceZ�\]PSU¥`B_ � bl�k^s_i\]bdceZ ne^wblpko3\]Pr_i\z_i^sU²owU U Z blZ�\sPr_i\¿�kb ®DU � ©�ªÀceTV�k�S\sU p!�k^sc|uwU `�\sblceZ ^s_ ¦ o
��b �d� �4U�`�ceZko¤\]^]_iblZkU�pÃ\]cf` �S\�\]PkU3`B_aTVU ^s_�_v®Dblo�©fOQPSU2` c}ce^spSblZr_i\sU3o ¦ ow\]U�T bdZI��Pkbd`jP `B_ � bl�k^s_i\]bdceZ²��b �d�
�£U�U¯®S�S^sU owosU�p°m�bloy\sPr_i\#ca«¢\]PkU�Är^wow\#`B_ � bl�S^]_i\sblceZ²na^sblp:©Vª�_ � bd�k^]_i\sblceZz\]P¡�ko#` ceZSosblo¤\]o�blZ±`�ceT3�S�S\]bdZkn�\]PkU
�£caosbd\sblceZ�ca«0\]PkUQ` _aT3U�^]_�_v®DbdoK_aZkp�ca«4\]PkUQ�S^scvuwU�`�\]bdceZ�^]_ ¦ o m¡bdZ�\]Pr_i\�` c}ce^spkbdZr_i\sU�o ¦ ow\sU Tz©�OQPkU��k^wce�£caosU p
_a�k�k^wc@_a`jP �S^sc}` U U�pko�� ¦ Är^wow\�U ow\sblT3_i\]bdZkn�\]PkUV`B_iT3U�^]_�_|®Sbdo#_aZkpI\sPkU��4ceowU3ca«Q_ �l� ne^wblpko��k�D\�\sPkU3Är^wow\
ceZkUi©

� � � 
���
�
#� �¥��� ������� ��� ��� � �! ���"� $ �#�²� 
#�������	
�������� �Á�	���¿$$#
ªÀceZkowblpkU�^¢owceTVU��Sb¨®DU � _aZSp � U�\

Q
_aZkp

Q′
�£UQ\]PSU�`�ce^s^wU ow�£ceZSpkblZkn��4ceblZ@\so¢caZ�\sPkUQ\[�Àc�`B_ � bl�k^s_i\]bdceZ�ne^wblpko�m

nebd{aU Z³_ao#We� �4ceblZ@\]o�blZ¥\]PkU�na^sblpSo � � cD` _ � `�cDca^spkbdZr_i\]U�o ¦ ow\sU TVo ©VµDbdZk` U��MU�` ceZkowblpkU�^�� � _aZk_a^�ne^wblpko�m°�ÀU
blTV�£caosU

Q3 = Q′

3
= 0

©
ÂIU=Pr_B{eUK\]PSUK«­c �l� cA��bdZknÀ`�ceZkow\s^]_abdZ@\�ceZ#\sPkU=�4ceosUKca«}\]PkUKowU ` caZkp�na^sblp �

R
′, t′

�°_io��MU �d� _ao+\]PSU=�kZk ¡ZkcA��Z
`B_aTVU ^s_�_v®Dblo

L
!�\sPkU � bdZkU�ow�r_aZkZkU�p¿� ¦

Q
_aZkp

Q′
` �S\so

L
mkPSU Zk`�U�blo�`�ce� � _iZr_a^M��b¨\]P�b¨\B©&%�U Zk`�Uamk«­ce^M\]PkU

` ce^w^sU�`�\��£caosU#_aZkpz`B_aTVU ^s_�_v®Dblo mD�ÀU#T��ko¤\�Pk_A{aU !

QT[L]×

(

R
′ t′

0T 1

)

Q′ = 0

%�U Zk`�U !




Q1

Q2

Q4





T 



0 −L4 L6 −L2

L4 0 −L5 −L3

L2 L3 L1 0





(

R̄′ t′

0T 1

)





Q′

1

Q′

2

Q′

4



 = 0
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��PkU ^wU
R̄′

^sU�«­U ^soQ\sc�\sPkU
3× 2

ow�k�kT3_i\]^wb¨®�ca«
R
′
` ceZ@\j_iblZkbdZkn�ceZ �¨¦ \sPkU�Är^so¤\�_aZkp¿\]PkU�owU ` caZkpf^wcA��o ©KÂÃU

\]P¡�koMPr_B{eU�\sPkU�«­c �l� c|��bdZkn
3×3

\]U�Zkosce^¢\]Pr_v\M` _aZ��4U�U ow\sblT3_i\]U�p � blZkU _a^ �¨¦ «­^wceT �£cablZ@\¢` ce^w^sU ow�£caZkpkU ZS` U o�!

F ∼





0 −L4 L6 −L2

L4 0 −L5 −L3

L2 L3 L1 0





(

R̄′ t′

0T 1

)

�¤�1�

Yh\�Pr_ao�ceZ �d¦ ��pSU ne^wU U o�ca«-«­^sU U�pkceT ��$�g���«­ce^�os` _ � UimSgj��«­ce^�^]_iZk eg[pkU�Är` bdU Zk` ¦ �Qosc�\]PSU3�A���kZS }ZSc|��ZSo ��4
«­ce^�\]PSU#` _aTVU ^]_�_v®Dbdo m0W�«­ce^

R
′
_iZkp�W�«­ce^

t′
��`B_aZzZkca\��4U�^sU�` cA{eU�^sU pz«­^sceT bd\B©

ÂIU�ZSc|� � cDce �_i\À��Pr_v\�`B_iZ¿_a`�\s�r_ �l�¨¦ �4Uy^sU�` cA{eU�^sU p�«­^wceT
F
© � U�\Q�ko¢Är^so¤\QZkca\sbl`�U�\sPr_i\�b¨\]o � U�«à\MZ¡� �l� g

{eU�`�\]ca^#bdo
(L3,−L2, L4)

T �­bd\y\s^s� �¨¦ bdo�\]PSUVZ¡� �d� g¬{eU `�\]ce^�m+_ao�` _aZ±�£U�U _aosb �d¦ {eU ^wbdÄrU�p³��PSU Z±\j_a ¡blZSn�blZ@\]c
_a` `�ce�kZ@\�\sPkUyt ��� `j aU ^M` ceZSow\]^s_ablZ@\ ��©�ÂIU�\]P¡�koM`B_aZ�^sU `�cA{eU ^Q�#ca«+\sPkU 4��r_a^]_iT3U�\]U ^woMci«°\]PkU�`B_aTVU ^s_�_v®Dbdo ©
OQPr_i\KZ¡� �d� gh{aU `�\]ce^=`�ceZ@\j_abdZko=_a`�\]�r_ �d�d¦ \]PkUQ`�cDca^spkbdZr_i\]U�o�ca«0\]PSU�` _aTVU ^]_�_|®Sbdo �iblZ@\]U�^sosU�`�\sblceZ���bd\sP�\]PkUQÄr^wow\
ne^sbdp �­blZ±� � _aZkU�` c}ce^spSblZr_i\sU o ��©�Yh\so�Wa� ` c}ce^wpkblZr_v\]U o#_a^wU�nebd{aU ZÃ� ¦

(L3,−L2, 0, L4)
T ©¿µDblTVb � _a^ �¨¦ m4\]PkU

^sbdneP@\QZ¡� �l� gh{eU�`�\sce^�ca«
F

nebd{aU oÀ\sPkU�� � _iZkUy` c}ce^wpkblZr_v\]U oÀca«�\]PkU�_v®Dbdo �SbdZ@\]U ^wosU�`�\]bdceZ2��bd\sP2\]PkU�owU `�ceZkpzne^sbdp°©
�ÀU owblpkU�oÀ\]PSblo

F
_ � osc�nebd{aU oÀ`�ceZko¤\]^]_iblZ@\]oMceZ

R
′
_aZkp

t′
©KÅrce^¢U�®S_aTV� � U

R
′
` _aZ2�4U�U¯®D\s^]_a`�\]U�pz�S��\]c���\]c#4

osc � �S\]bdceZko�©¢ÂIU#��b �l�°� _i\]U�^�ce�kosU�^w{aU�\]Pk_i\�ceZk` U��MU � cD` _ �l�¨¦ owPkbd«à\�\]PSU�bdZ¡\sU ^wosU `�\]bdceZf�4cebdZ¡\so mr�4U�\[�MU U�Z²\]PkU
`B_aTVU ^s_�_v®DbloQ_aZSpz` _ � bd�k^]_v\]blcaZ�ne^wblpko�mD\]c�\sPkU�ce^sbdneblZSoÀca« \]PkU�^wU ow�£U�`�\]b¨{eU�ne^wblpkoÀ\sPkU�{eU�`�\]ca^

t′
��b �d�:� bdU�ceZ

\]PkUV`B_iT3U�^]_�_|®Sbdo ©3Y[Zkos�kb¨\]UVca«Q_ �l� \]PSU osU�_apkpkb¨\]bdceZr_ � `�ceZko¤\]^]_iblZ@\]o�m	_a^wblowblZkn�«­^scaT _v®Db§_ � naU ceTVU�\s^ ¦ m�\[�Mc
{}blU���o#ca«À`B_ � bl�k^s_i\]bdceZ²ne^wblpko#_a^wUVZSca\#os���V` bdU Z@\#\]c¿�kZkb ´ �SU �d¦ U¯®}\]^]_i`�\

R
′
_aZkp

t′
©�OQP¡�ko��ÀUV�kosU�\]PS^sU U

`B_ � bl�k^s_i\]bdceZ2ne^wblpko�_io�pSU os`�^sbd�£U�pf�4U � c|��©
� �������/� 
���������
�������� �¿$+� � � ��� �	�Q�  ���"��$ �#� ��
���������
�������� �Á�-� �¿$
� U�\

Q
m
Q′

m
Q′′

^wU�«­U�^�\]c�\sPkU�na^sblp��£cebdZ@\]o�` ce^w^sU ow�£caZkpkblZSn�\]c�_3osblZSn � U��kb¨®DU � blZz\]PkU�\]Pk^wU U�ne^wblpko�©�OQPkU
�£caosU o�ca«-\]PkU�ne^wblpko�_a^wU

(I, 0)
m
(R′, t′)

_aZkp
(R′′, t′′)

^sU�os�4U `�\]bd{aU �¨¦ ©Qµ}blZk`�U�\sPkU�\]Pk^wU U��£cablZ@\]o
Q

m
Q′

_aZkp
Q′′

_a^wU�` c �d� blZSUB_a^K�ÀU��kowU�\]Pkbdo�` ceZSow\]^s_ablZ@\Q\sc�U�®}\]^s_a`�\�\]PSU��£ceowU o�ca«�\]PSU�`B_ � bl�k^s_i\]bdceZ�ne^wblpko "¨�|�1&¬©�)�{eU�^ ¦
3× 3

os�k�ST�_i\s^sb ®�ca« \]PkU�«­c �d� cA��blZSn
4× 3

T�_i\s^sb ®2Pr_io   U ^wc3ow�k�4pkU�\sU ^sTVblZk_aZ@\B©
(

Q

(

R
′ t′

0T 1

)

Q′

(

R
′′ t′′

0T 1

)

Q′′

)

OQPSU2os�k�ST�_i\s^sbd` U o�` ceZSow\]^w�k`�\sU p � ¦ ^wU TVcA{DbdZkn�\sPkU3Är^wow\�_iZkp \]PkU3osU�` ceZkp ^wc|��o � UB_ipÃ\]c�\sPkU�`�ceZDg
ow\s^]_abdZ¡\so ∑

CiT1i = 0
_aZkp ∑

CiT2i = 0
^wU ow�£U�`�\]b¨{eU �d¦ �)_ao3pkU ow` ^sbd�£U�p blZ/O	_a� � UI����© OQPkU owU±_a^sU

Zkca\sPkblZknI�k�S\�PSceT3caneU ZkU�ce�ko � blZSUB_a^�o ¦ o¤\]U TVo�ca«�\sPkUf«­ce^wT
AX = 0

© OQPSU²�kZk ¡ZkcA��Z {eU�`�\]ca^
X

blo
«­ce^sTVU p2«­^wceT \]PkU�� 4�{i_a^wb§_a� � U o �

Ci

��©�)K_a`jPzca«�\]PkU�osUy{i_a^sbl_a� � U oQ_a^wUy` ca�k� � U�p¿` c}U��V` bdU Z@\]oQca«�\sPkU��£caosU o
ca«K\]PkU�ne^sbdpko ©yOQPSU�T�_v\]^sb ®

A
blo�` ceZSow\]^w�k`�\sU p³� ¦ o¤\j_a`j ¡blZSn2\]PkU�\s^sb � blZSUB_a^Q\]U�Zkosca^so

T1
_aZSp

T2
m£��Pkbd`jP

`B_aZ��£U�` ceTV�k�S\sU p�«­^wceT�\]PkU�` c}ce^spSblZr_i\sU o�ca«
Q

m
Q′

_iZkp
Q′′

©�Y[Zf«­�S\]�k^wU���PkU�Z²�ÀU�^sU�«­U ^�\sc�\]PSU�^]_iZk 
ca«K_ � bdZkUB_a^Qo ¦ ow\]U�T

AX = 0
mr�MU�^wU�«­U�^�\]c�\sPkU�^s_aZk �ca«-\]PkU#T3_i\]^wb¨®

A
©�OQPkU#^]_aZk �Pk_ao�\sc��4U�caZkU � U owo

\]Pr_iZ2\]PkU�Z}�ST��£U�^�ca«+{i_a^wb§_a� � U oK\]c�U�ow\sblT3_i\]U�\]PkU�T �SZkb ´ �kU �d¦ �k�S\sc�_�os` _ � Ui©KÅrce^MU¯®S_aT3� � UamDUB_a`jP�ci«+\]PkU
_a�4c|{aU � bdZkUB_i^�o ¦ ow\]U�T3o�T��kow\�Pr_B{eU�_V^]_aZk zca«Q�BWV\]c�U ow\sblT3_i\]U�\]PSU�` c}U��V`�blU Z@\so��

Ci

���kZkb ´ �kU �¨¦ ©�OQPkU owU
o ¦ ow\sU TVo��ÀU�^sU��kowU p \]c¥` _ � bd�k^]_i\sU�`�ceT3� � U�\sU �¨¦ ZkceZDgh` U Z@\s^]_ � ` _aTVU ^]_io "¨�A�1&)© %�c|�MU�{aU ^�blZI\]PkU�` _aosU�ca«
_v®Db§_ � `B_aTVU ^s_ao m£\]PkU�osU�o ¦ ow\sU TVoy�ÀU�^sU�«­ce�kZSp±\sc�Pr_B{eU�_2^s_aZk �ci«��A�D©�OQPkblo�bdT3� � blU�o�\sPr_i\y\sPkU�osc � �S\]bdceZ
`B_aZ�Zkca\M�£U�ce�S\]_ablZkU�p3�SZkb ´ �kU �d¦ ©	Y[Z2ce^spSU ^K\]c�^wU owc � {aU�\sPkbloM_aT��kbdne�kb¨\ ¦ �MU���b �d� ZkU U�p2TVce^sU�` ceZSow\]^s_ablZ@\so ©
���	� 
���
�����������
������������ �!���"���$#%�&��'��)($�*� 
������,+-�*��#$�
��owblZkn�\]PkU�\sU `jPkZkb ´ �kU�pSU os`�^sbd�£U�p�UB_i^ � bdU ^À�MU#` ceTV�k�S\sU�\sPkU�blZ@\]U�^sowU `�\sblceZzca« \]PkU�` _aT3U�^]_V_v®Dblo���b¨\]P¿\]PkU
\]Pk^wU U�ne^wblpko�_i\

a
m
b

_aZSp
c

^sU ow�£U�`�\sbd{eU �d¦ ©�ÂIU�\]^s_aZko � _i\sU�\]PSU � c}`B_ � ne^wblp²`�cDce^wpkblZk_i\]U�oyos�k`jP¥\sPr_i\y\sPkU owU
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b xfci\]blcaZ-�
Ci

�
T1i T2i

b xfca\sblceZ��
Ci

�
T1i T2i�

R′

31
Q2Q

′

1
Q′′

4
Q1Q

′

1
Q′′

4

�BW
R′

22
R′′

32
−R′

32
R′′

22
Q4Q

′

2
Q′′

2

�
�

R′

32
Q2Q

′

2
Q′′

4
Q1Q

′

2
Q′′

4

�C4
R′

11
t′′
3
− R′

31
t′′
1

�
Q4Q

′

1
Q′′

4W
R′′

31
−Q2Q

′

4
Q′′

1
−Q1Q

′

4
Q′′

1

�A�
R′

12
t′′
3
− R′

32
t′′
1

�
Q4Q

′

2
Q′′

44
R′′

32
−Q2Q

′

4
Q′′

2
−Q1Q

′

4
Q′′

2

�B�
R′

21
t′′
3
− R′

31
t′′
2

Q4Q
′

1
Q′′

4

�
�

t′
3
− t′′

3
Q2Q

′

4
Q′′

4
Q1Q

′

4
Q′′

4

�A�
R′

22
t′′
3
− R′

32
t′′
2

Q4Q
′

2
Q′′

4

�
�

R′

11
R′′

31
− R′

31
R′′

11

�
Q4Q

′

1
Q′′

1

�B�
R′′

11
t′
3
− R′′

31
t′
1

�
−Q4Q

′

4
Q′′

1�
R′

11
R′′

32
− R′

31
R′′

12

�
Q4Q

′

1
Q′′

2

� $
R′′

12
t′
3
− R′′

32
t′
1

�
−Q4Q

′

4
Q′′

2�
R′

12
R′′

31
− R′

32
R′′

11

�
Q4Q

′

2
Q′′

1

�i�
R′′

21
t′
3
− R′′

31
t′
2
−Q4Q

′

4
Q′′

1

�
$

R′

12
R′′

32
− R′

32
R′′

12

�
Q4Q

′

2
Q′′

2

�}�
R′′

22
t′
3
− R′′

32
t′
2
−Q4Q

′

4
Q′′

2

�
�A�

R′

21
R′′

31
− R′

31
R′′

21
Q4Q

′

1
Q′′

1

� �a�
t′
1
t′′
3
− t′

3
t′′
1

�
Q4Q

′

4
Q′′

4�e�
R′

21
R′′

32
− R′

31
R′′

22
Q4Q

′

1
Q′′

2

� �iW
t′
2
t′′
3
− t′

3
t′′
2

Q4Q
′

4
Q′′

4

�
�|�

R′

22
R′′

31
− R′

32
R′′

21
Q4Q

′

2
Q′′

1

�

O-_a� � U��%!=O ^sbd«­c}`B_ � \]U�Zkosca^�bdZ�\]PkU�neU�ZkU ^wbl`�`B_ � bl�k^s_i\]bdceZ�ci«	`�ceT3� � U�\sU �¨¦ ZkceZ}g[` U�Z@\]^]_ � `B_aTVU ^s_ao ©

blZ@\]U�^sowU `�\sblceZ¥�4cebdZ¡\soy�4U ` caT3U�\sPkU bd^y^sU�os�4U `�\]bd{aU�ce^sbdneblZko�©yÂ!bd\sPkce�S\ � ceowoyca«¢neU ZSU ^]_ � bd\ ¦ �MU�` ceZ@\]bdZ¡�kU�\]c
�kosU�\]PSU#os_aTVU�Zkca\j_v\]blcaZko�_i«à\]U�^�\]PkU�\s^]_aZko¤«­ce^sT3_i\sblceZko�©

Q←− Q− a, Q′ ←− Q′ − b, Q′′ ←− Q′′ − c,

ÂÃU�`B_aZ3ce�S\]_ablZ3_�`�c �l� blZkU _a^sb¨\ ¦ `�ceZkow\s^]_abdZ@\À� ¦ �k�S\w\]blZSn�\]PSU osU�ce^sbdneblZSo=blZ3\sPkU�o]_aTVU�`�cDca^spkbdZr_i\]U�o ¦ o¤\]U�Tf©
)�{eU ^ ¦

3× 3
os�k�4pkU�\sU ^wT3bdZr_aZ@\�ca« \]PkU�«­c �d� cA��blZkn

4× 3
T3_i\s^sb¨®3{i_aZkbdosPkU�o ©

((

0

1

) (

R
′ t′

0T 1

) (

0

1

) (

R
′′ t′′

0T 0

) (

0

1

))

=









0 t′
1

t′′
1

0 t′
2

t′′
2

0 t′
3

t′′
3

1 1 1









OQPkU#`B_aTVU ^s_V_|®Sbdo��r_aosowU o�\]Pk^wce�kneP
O
m
t′

_iZkp
t′′

©KOQPkbdo�U�Zr_a� � U o��koQ\]cVU�®D�k^wU oso
t′′

_ao�_�T�� � \]bl� � Uyca«
t′�kosbdZkn�osceTVU�os` _ � _i^

∆
!
t′′ = ∆t′

© � o�_�^wU os� � \BmD\]PkU�{i_a^sbl_a� � U o
C22

_aZkp
C23

«­^sceT O	_a� � U���pkbdo]_a�k�4UB_i^ ©

C22 = t′
1
t′′
3
− t′

3
t′′
1

= t′
1
∆t′

3
− t′

3
∆t′

1
= 0

C23 = t′
2
t′′
3
− t′

3
t′′
2

= t′
2
∆t′

3
− t′

3
∆t′

2
= 0

� Z�pkblos_a�k�4UB_a^wblZknSm
C22

_aZSp
C23

^sU�pk�k` UM\]PkU�owb  �UÀca«k\sPkU � blZkU _a^�o ¦ ow\sU TVo ∑

CiT1i = 0
_iZkp ∑

CiT2i =
0

UB_a`jP³� ¦ ceZkUi©�Y[Zkow�kbd\sUVci«¢\sPkblo�^wU pk�S`�\]bdceZ¥\]PkU�^sU�o¤\]b �d� U¯®Sbdow\so�_�^s_aZk �pSU�Är`�blU ZS` ¦ ca«��2blZ¥�4ca\]P¥\sPkU owU
o ¦ ow\sU TVo ©�OQPSU�^s_aZk 2ca«	UB_a`jPfca« \]PkU�osU#o ¦ ow\sU TVo�blo��a�#��b¨\]P³�AW�ZkceZ  �U ^sc3` c}U��V` bdU Z@\]o�\]c��4U�U�ow\sblT3_i\]U�p°©
Y[Z2\]PkU�ZkU�®}\QowU `�\sblceZ3�ÀU��k^wcA{DbdpkU�\sPkUypkU�\j_ab � o¢ca«+\]PSUy�ko]_ineUyca« _�`�ce� � _aZr_a^wbd\ ¦ ` caZkow\s^]_abdZ¡\ m}��PSbl`jP�U�®Dbdow\]o
blZz_v®Db§_ � `B_aTVU ^s_ao mD\]c�^sU�T3cA{eU�\]PSU#pSU neU�ZkU ^s_a` ¦ �k^wce� � U TVo ©
����� � ��� '����$�-�*� 
�� �&���$� 
 �*������
�� ��� �-� � ��' � �	� �������
OQPkU¿`B_aTVU ^s_±_v®Dblo�` �D\]oV_ �l� \]PkU¿�k^wcvuwU `�\]bdceZ ^]_ ¦ o © � o�ce�SosU ^¤{eU�p UB_i^ � bdU ^��£ca\sP

O
_aZSp

t′
� blU�ceZ \]PkU

`B_aTVU ^s_�_v®Dblo�© ��� ceZSn3��bd\sP²\]PkU�osU�\[�Mc¿�£cebdZ@\]o m£�ÀU�`�ceZkosbdpkU ^�\[�Àc¿ne^wblp²�4ceblZ@\so
Q′

_aZSp
Q′′

�d¦ bdZkn�ceZ±_
osbdZkn � U3�k^sc|uwU `�\sblceZÃ^]_ ¦ ©³µDbdZk` UV\]PkU�osU2«­ce�S^��4ceblZ@\]o�_a^sU�` ce� � _aZr_a^�m-\sPkU2pkU�\]U ^wT3bdZr_aZ@\�ci«Q\]PkU�«­c �l� cA��bdZkn
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4× 4
T�_v\]^sb ®2pSblo]_i�k�£U _a^so�©

















0
0
0
1

















t′
1

t′
2

t′
3

1









(

R
′ t′

0T 1

)

Q′

(

R
′′ ∆t′

0T 1

)

Q′′









OQPSUy` ce^w^sU�os�4ceZkpkbdZkn�`�ceZkow\s^]_abdZ@\�bloÀ_ � blZkU _a^Mo ¦ ow\]U�T ∑

αijQ
′

iQ
′′

j = 0
�8osU�U�\j_i� � U�� ��©�'�ca\]U�\]Pr_i\

Q′

4_aZkp
Q′′

4

_a^sU�Zkci\��k^sU�osU Z@\��4U `B_i�kosU�ca« \]PkUy\sPk^sU�U   U ^wceoQblZ�\sPkUyÄr^so¤\�` c � �kTVZ°©	ÂIU#` _aZ¿osc � {eUy\sPkblo � blZkU _a^
o ¦ ow\sU T \sc²` caT3�k�D\]U ^�\]PkU2owc � �D\]blcaZko�«­ce^

αij

©²ÂIU2U�®D�r_iZkp \]PkU�_i�£cA{eU � blZkU _a^#o ¦ ow\sU T�_aZSp pkc²oscaT3U
_ � naU �k^s_abl`yT3_aZkbd�k� � _i\]bdceZ°©

α11Q
′

1
Q′′

1
+ α12Q

′

1
Q′′

2
+ α21Q

′

2
Q′′

1
+ α22Q

′

2
Q′′

2
= 0

Q4(α11Q
′

1
Q′′

1
+ α12Q

′

1
Q′′

2
+ α21Q

′

2
Q′′

1
+ α22Q

′

2
Q′′

2
) = 0

Q4Q
′

2
Q′′

2
= −

α11

α22

Q4Q
′

1
Q′′

1
−

α12

α22

Q4Q
′

1
Q′′

2
−

α21

α22

Q4Q
′

2
Q′′

1

OQPkbloM��b �l� U Zk_a� � U��koÀ\]c�^wU �k^wU owU Z@\��£ci\]P
T29

_aZkp
T113

mD«­^scaT�\sPkUyUB_i^ � bdU ^¢o ¦ ow\sU TVo mrbdZ�\]U�^sTVo�ca«�ca\sPkU ^
{i_a^sbl_a� � U�oQblZ2\sPkU�\]U ZSosce^wo

T1
_aZkp

T2
^sU ow�£U�`�\sbd{eU �d¦ ©

T29 = −
α11

α22

T26 −
α12

α22

T27 −
α21

α22

T28

T113 = −
α11

α22

T110 −
α12

α22

T111 −
α21

α22

T112

��osbdZkn�\]PkUK_i�£cA{eUK^wU � _v\]blcaZ��MU¢ca�S\j_abdZy\[�Àc�ZkU�� `�ceZkow\s^]_abdZ@\]o+neb¨{eU Z�� ¦ ∑

AiA1i = 0
_aZkp ∑

AiA2i =
0
© '�ca\sUÀ\]Pr_v\�UB_i`jP�ca«r\]PkU�osU�`�ceZko¤\]^]_iblZ@\]o=_i^sU � blZkU _a^ o ¦ ow\sU TVo	��bd\sP2�|��ZkcaZ   U�^sc�` c}U��V`�blU Z@\so�UB_a`jP:©-�Àca\sP

ca«À\sPkU T Pr_B{eU3_z^s_aZk ²ca«��e�3_aZkp±\]PkU�^sU�� ¦ �S^sc}pk�k` bdZkn¿�kZkb ´ �SU3owc � �S\sblceZSo�«­ce^�\]PkU�bl^�`�cDU �3`�blU�Z¡\so �
Ai

��©
OQPkU#blZkpkb¨{}blpk�r_ � U � U TVU Z@\]o�blZ¿\]PSU#�4ceowU o�ca«	\sPkU�ne^sbdpko�_a^sU�U�®}\s^]_a`�\]U pf«­^sceT�\]PkU�osU�`�ce�k� � U pz` c}U��V` bdU Z@\]o
�kosbdZknVce^w\sPkceZkce^wT�_ � bd\ ¦ `�ceZko¤\]^]_iblZ@\]o�ca« \]PkU�^wca\j_i\sblceZ�T3_i\s^sb¨® " �|��&)©

b u
αij� �

t′
1
(R′

2,1R
′′

3,1 − R′′

2,1R
′

3,1)− t′
2
(R′

1,1R
′′

3,1 −R′′

1,1R
′

3,1) + t′
3
(R′

1,1R
′′

2,1 − R′′

1,1R
′

2,1)� �
t′
1
(R′

2,1R
′′

3,2 − R′′

2,2R
′

3,1)− t′
2
(R′

1,1R
′′

3,2 −R′′

1,2R
′

3,1) + t′
3
(R′

1,1R
′′

2,2 − R′′

1,2R
′

2,1)� �
t′
1
(R′

2,2R
′′

3,1 − R′′

2,1R
′

3,2)− t′
2
(R′

1,2R
′′

3,1 −R′′

1,1R
′

3,2) + t′
3
(R′

1,2R
′′

2,1 − R′′

1,1R
′

2,2)� �
t′
1
(R′

2,2R
′′

3,2 − R′′

2,2R
′

3,2)− t′
2
(R′

1,2R
′′

3,2 −R′′

1,2R
′

3,2) + t′
3
(R′

1,2R
′′

2,2 − R′′

1,2R
′

2,2)

O	_a� � U#� !��Àb¨«­cD` _ � \sU Zkowce^�«­^sceT�\]PkU�` ca� � _aZk_a^sb¨\ ¦ `�ceZkow\s^]_abdZ@\�ceZ
O

m
t′
m
Q′

_iZkp
Q′′

©

� �Á�������	�¿
�������� 
����¿�-��
�
 � �i��� ����� 
��G
À
�" ���	
�$ �¿$+��� � $ �¿�z$��z
�
M�
����
 � ��� � ����$��

OQPkUV_a�4c|{aU�\]U�`jPkZkb ´ �kU�bdZ¡{ac � {aU o�owc � {}blZSn2osU�{eU ^s_ �K� bdZkUB_a^�o ¦ o¤\]U TVo ©�Y[Z±\sPkU�`B_iosU�ca«¢^sU _ � ` _aT3U�^]_ao�m°pk�kU
\]c�\sPkU��S^sU owU Zk`�U¿ca«QZkcebdosUim	\]PkU�_a�4c|{aU�\]U�`jPkZkb ´ �SU���_io�Zkca\�ow\j_i� � Ui©�Y[ZÃ\sPkU�«­c �d� cA��blZkn��MU2�k^wce�£caosU2_
pkb
	£U ^wU Z@\�_a�k�S^sc@_a`jP¿�kowblZkn�ow�k�kow�r_a` U�o ©¢O	_i� � U 4�neb¨{eU�o�\]PkU�pkU�\j_ab � o¢«­ce^Q_�We� os`�U Zr_i^sblc���b¨\]P2\sPkU�� � _iZr_a^
`B_ � bl�k^s_i\]bdceZ2�4c@_a^wpko ©
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b xfca\]bdceZ��
Ai

�
A1i A2i

b xfca\]bdceZ��
Ai

�
A1i A2i�

R′

31
Q2Q

′

1
Q′′

4
Q1Q

′

1
Q′′

4

�e�
C12 −

α21

α22

C13 Q4Q
′

2
Q′′

1

�
�

R′

32
Q2Q

′

2
Q′′

4
Q1Q

′

2
Q′′

4

�|�
∆(R′

11
t′
3
− R′

31
t′
1
)

�
Q4Q

′

1
Q′′

4W
R′′

31
−Q2Q

′

4
Q′′

1
−Q1Q

′

4
Q′′

1

�AW
∆(R′

12
t′
3
− R′

32
t′
1
)

�
Q4Q

′

2
Q′′

44
R′′

32
−Q2Q

′

4
Q′′

2
−Q1Q

′

4
Q′′

2

� 4
∆(R′

21
t′
3
− R′

31
t′
2
) Q4Q

′

1
Q′′

4

�
�

t′
3
− t′′

3
Q2Q

′

4
Q′′

4
Q1Q

′

4
Q′′

4

�|�
∆(R′

22
t′
3
− R′

32
t′
2
) Q4Q

′

2
Q′′

4

�
�

C6 −
α11

α22

C9

�
Q4Q

′

1
Q′′

1

�A�
R′′

11
t′
3
−R′′

31
t′
1

�
−Q4Q

′

4
Q′′

1�
C7 −

α12

α22

C9

�
Q4Q

′

1
Q′′

2

�|�
R′′

12
t′
3
−R′′

32
t′
1

�
−Q4Q

′

4
Q′′

2�
C8 −

α21

α22

C9

�
Q4Q

′

2
Q′′

1

�A�
R′′

21
t′
3
−R′′

31
t′
2
−Q4Q

′

4
Q′′

1

�
$

C10 −
α11

α22

C13 Q4Q
′

1
Q′′

1

� ��$
R′′

22
t′
3
−R′′

32
t′
2
−Q4Q

′

4
Q′′

2

�
�A�

C11 −
α12

α22

C13 Q4Q
′

1
Q′′

2

�

O-_a� � U#W !=O-^wbd«­c}`B_ � \]U�Zkosce^Q«­ce^�\sPkU�neU ZSU ^sbd`�`B_ � bl�k^s_i\]bdceZ�ca«	_v®Db§_ � `B_aTVU ^s_ao ©

b
Ci Vi Wi�

Q1Q
′

1
Q′′

4
0 R′

3,1�
Q1Q

′

2
Q′′

4
0 R′

3,2W
Q1Q

′

4
Q′′

1
0 −R′′

3,14
Q1Q

′

4
Q′′

2
0 −R′′

3,2�
Q1Q

′

4
Q′′

4
0 t′

3
− t′′

3�
Q2Q

′

1
Q′′

4
R′

3,1 0�
Q2Q

′

2
Q′′

4
R′

3,2 0�
Q2Q

′

4
Q′′

1
−R′′

3,1 0$
Q2Q

′

4
Q′′

2
−R′′

3,2 0�A�
Q2Q

′

4
Q′′

4
t′
3
− t′′

3
0�e�

Q4Q
′

1
Q′′

1
−R′′

2,1R
′

3,1 + R′

2,1R
′′

3,1 R′

1,1R
′′

3,1 − R′′

1,1R
′

3,1�|�
Q4Q

′

1
Q′′

2
R′

2,1R
′′

3,2 − R′′

2,2R
′

3,1 R′

1,1R
′′

3,2 − R′′

1,2R
′

3,1�AW
Q4Q

′

1
Q′′

4
R′

2,1t
′′

3
− t′′

2
R′

3,1 R′

1,1t
′′

3
− t′′

1
R′

3,1� 4
Q4Q

′

2
Q′′

1
−R′′

2,1R
′

3,2 − R′′

2,2R
′

3,2 R′

1,2R
′′

3,1 − R′′

1,1R
′

3,2�|�
Q4Q

′

2
Q′′

2
R′

2,2R
′′

3,2 − R′′

2,2R
′

3,2 R′

1,2R
′′

3,2 − R′′

1,2R
′

3,2�A�
Q4Q

′

2
Q′′

4
R′

2,2t
′′

3
− t′′

2
R′

3,2 R′

1,2t
′′

3
− t′′

1
R′

3,2�|�
Q4Q

′

4
Q′′

1
−R′′

2,1t
′

3
+ t′

2
R′′

3,1 t′
1
R′′

3,1 − R′′

1,1t
′

3,1�A�
Q4Q

′

4
Q′′

2
t′
2
R′′

3,2 − R′′

2,2t
′

3
t′
1
R′′

3,2 − R′′

1,2t
′

3,1��$
Q4Q

′

4
Q′′

4
t′
2
t′′
3
− t′′

2
t′
3

t′
1
t′′
3
− t′′

1
t′
3

O	_i� � U 4 !QªÀca�k� � U�pf{i_a^wb§_a� � U o�blZ¿\]PSU�We� neU ZSU ^]_ � ` _aT3U�^]_���bd\sP²_�� � _aZk_a^��£c@_i^sp��k_i\s\sU ^sZ:©QOQPkblo�\j_a� � U
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� Z/_a�k� �¨¦ blZkn¥\]PSUf`�ceZkow\s^]_abdZ@\]oVca«yneU�ZkU ^wbl`z`B_ � bl�k^s_i\]bdceZ°m���Pkbd`jP bdoVZSca\]PkbdZkn³�k�S\V\]PkUz` c �d� bdZkUB_a^wbd\ ¦
` ceZSow\]^s_ablZ@\	ceZ�\]PSUÀ�4ceblZ@\]o �d¦ blZSn�ceZ�\sPkUÀ�S^scvuwU�`�\]bdceZ�^s_ ¦ ma�MU�ce�S\]_ablZ#U ´ �r_i\sblceZSo�ca«k\sPkUÀ«­ce^wT ∑

CiVi = 0_aZkp ∑

CiWi = 0
©=OQPSU ^sU�_i^sU�\[�Mc�ca«+\sPkU�«­ce�k^À�£ceowosbd� � U�` ceZko¤\]^s_ablZ@\]o¢\]Pr_v\Q`B_aZ��4U�ca�S\j_abdZkU p3«­^sceT \]PkU

` c �d� bdZkUB_a^wbd\ ¦ ` caZkpkbd\sblceZ:©�OQPkU owU�`�ceZko¤\]^]_iblZ@\]o�_a^wU�PkceTVceneU�ZkU ce�So � blZkU _a^Ào ¦ ow\]U�T3o�ca« \]PkUy«­ca^sT
AX = 0

©
� �k^Qnec@_ � bloM\]c�Är^wow\�` caT3�k�D\]Uy\]PSUy{eU `�\]ce^

X
mD��Pkbd`jPz` _aZ¿�£U

V
ca^

W
bdZ�\]PSblo�` _aosUim0_aZkp2\]PSU Z¿U�®}\]^s_a`�\

\]PkU�bdZkpkbd{}bdpk�r_ � T3ci\]blcaZ�{i_a^sbl_a� � U�o ©�Yh«M\sPkU�^]_aZk fca«
A
m+��Pkbl`jP±Pr_io�_�pkbdT3U�ZkosbdceZ²ca«

m × n
�
m > n

��m
blo

n− 1
\sPkU Zz\]PkU�^sU#U�®Dblo¤\]o�_V�kZSb ´ �kU#osc � �S\]bdceZ�\]c

X
�k�z\]c3_Vow`B_ � Ua©�OQPSU�^wU ´ �kbl^wU pfosc � �S\]bdceZ¿blo�U ´ �r_ �

\]c�\]PSU�U bdneU Z@{eU�`�\sce^�` ce^w^sU ow�£caZkpkblZSn2\]c�\]PkU � UB_iow\�U bdneU Z@{i_ � �kU�ca«
AT A
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