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Abstract. We describe a mathematical and algorithikeywords: Shape from Shading, Lambertian re-
mic study of the Lambertian “Shape-From-Shading&ctance, pinhole camera, orthographic and perspective
problem for orthographic and pinhole cameras. Oprojection, black shadows, discontinuous images,
approach is based upon the notion of viscosity solutioviscosity solutions.
of Hamilton-Jacobi equations. This approach provides
a mathematical framework in which we can show that
the problem is well-posed (we prove the existence offa  |ntroduction
solution and we characterize all the solutions). Our con-

tribution is threefold. First, we model the camera both @ape From Shading (SFS) has been a central problem
orthographic and as perspective (pinhole), whereas mgsfhe eld of computer vision since the early days. The
authors assume an orthographic projection (see [25] {98 @hjem is to compute the three-dimensional shape of a

survey of the SFS problem up to 1989 and [64, 39, 18} tace from the brightness variations in a black and white
for more recent ones); thus we extend the applicability I‘Pﬁage of that surface. The work in our eld was pio-

shape from shading methods to more realistic acquisitiQa aq by Horn who was the rst to pose the problem
models. In particular it extends the work of [53, 55k that of nding the solution of a nonlinear rst-order
We provide some novel mathematical formulations gf, i) gifferential equation (PDE) called the brightness
this problem yielding new partial dlﬁergntlal equat'on%quation [26]. Later on, various approaches have been
Results about the existence and uniqueness of thels,,sed: the book [25] contains a very nice survey of the
solutions are also obtained. Second, by introducing&earch in SFS up to 1989; for a more recent overview,
“generic” Hamiltonian, we de ne a general frameworlqq (64, 39]. Despite the richness of the literature in this
allowing to deal with both models (orthographic angre, ) approaches are based on very restrictive assump-
perspective), thereby simplifying the formalization 08thyio s For example, most SFS algorithms have been de-
problem. Thanks to this uni cation, each algorithm Wge|5ned under the assumption of orthographic projection.
propose can compute numerical solutions correspondfgy, Srs approaches consider the perspective projection
to all the modeling. Third, our work allows us to COM@ohiem ( i.e consider a pinhole camera model instead of
up with two new generic algorithms for computing simple af ne model). Penna [49, 48] proposes a local
nhumerical approximations of the “continuous” solutiofethod using geometrical properties. His formulation of
of the “Shape-From-Shading” problem as well as a progfe hrohlem leads him to solve a system of algebric equa-
of their convergence toward that solution. Moreover, o4g s \Weiss [62] proposes a physical formalism which
two generic algorithms are able to deal with disconting, exploit invariants of the imaging process and geo-
uous images as well as images containing black shadowsa ric knowledge about the surface. Penna [49, 48] and

Weiss [62] do not present numerical results; they only de-



scribe a theoretical method. Lee and Kuo [40] presantrk that the papers of Penna [49, 48], Weiss [62], Lee
a variational approach. They minimize a cost functionahd Kuo [40], Hasegawa and Tozzi [24], Samaras and
based on a local linear approximation of the re ectandéetaxas [56], Yuen et al. [63], Tankus and Sochen [59],
map. Hasegawa and Tozzi [24] suggest to combine S&®1 Courteille et al. [11] do not deal at all with these

with photogrammetry to reconstruct the surface and cajuestions.

brate the camera. Their method consists in solving Iargel_he perspective projection hypothesis extends the ap-

systems of linear equations and seems to be suitable Orméability of SFS methods to more realistic images: we

for small images. More recently, Samaras and Metals . .
. . . ; . can recover the shapes of objects which are located near
[56] propose a solution of the “perspective SFS” by usq

a deformable model, Yuen et al. [63] and Tankus et al e camera. The modeling we propose in [50, 52] (as that

. . of [48, 49, 40, 56, 63, 59, 11]) assumes that the scene
[60, 61] propose an adaptation of the fast marching algo-. . . 0
. . . . S illuminated by a single point light source located at
rithm of Kimmel and Sethian [36], Okatani and Deguchl . ) . ; .

. in nity. In this article, we also deal with scenes which
[43, 44], propose an extension of the methods of propa%?é illuminated by a single point light source located at
tion of the equal-height contours of Bruckstein and Kimn)- y ge p 9

. e optical center (case also considered by Okatani and
mel [5, 34], and Tankus and Sochen [59] or Courteille qugughi [43, 44]). (We formulate a new PgE (equation

al. [11] propose some “local” methods. Let us note that TO)) desian an original algorithm and brove existence
the articles [48, 49, 62, 40, 24, 56, 63] the authors do not * 9519 'ginal algon prove exi
. apd unigueness of a solution, thereby completing our pre-
really formulate a PDE adapted to the perspective modgel- : : .
ing. Here, we also propose a solution of the “perspec:ti\\flé)uS work [52]. This modeling (perspective camera and
. ' light source is located at the optical center) realisticall

SFS” problem, but in contrast with the previous work o : . : .

[48, 49, 62, 40, 24, 56, 63, 59, 11], our formalism is com—esc.”be.S a §|mple camera equiped with a ash, or such
pletely based on PDEs. Also, we formulate precise anm(fdlcaI Imaging systems as endoscopy.

explicit PDEs (equations (8)and (10)) corresponding to  We also unify the classical model which assumes that
the perspective SFS problénNote that the formulation the camera performs an orthographic projection, and the
of these new PDEs allows to prove existence and uniqperspective model which assumes that the camera is a
ness results for the perspective SFS problem. Regardpnghole. To this end, we introduce a “generic” equa-
this point, let us emphasize the importance of the que®n (equation (24)). Note that the classical SFS equa-
tions of the existence and uniqueness of a solution of tiiens and the two new perspective SFS equations (8) and
SFS problem. These questions as well as those relat®@l) are particular cases of the “generic” equation $24)

to the convergence of numerical schemes for computilgis generic formulation considerably simpli es the for-
the solutions became central in the last decade of the 2@thlization of the problem. It also naturally suggests
century. For example, the papers of Bruss [6], Brookgeneric” algorithms, each of which can compute numeri-
[4], Horn [27], and Durou [19, 20], show the dif culty cal solutions of various perspective and orthographic SFS
of these questions. The rst results related to the coproblems.

vergence of the numerical approximations have been pre-

sented by Dupuis and Oliensis [17] and P.-L. Lions, Rou Finally, the_ algo_nthms_ e propose can deal with im-
and Tourin [55, 42]. More recent results can be found es containing discontinuities and black shadows. We

[22, 23, 53]. Let us mention here that all the preVioﬁove the stability of our SFS approximation schemes and
theoretical work only dealt with the simplest version e convergence of our SFS algorithms when applied to

the SFS problem (with orthographic projection). In thi§uch IMages. We also prove that our algorithms are ro-
article, we deal with the same questions in the fram%l-JSt to pixel noise and to the errors on the parameters of
’ he models, e.g. the light source direction.

work of the “perspective SFS” problem. Let us also rd

yet formulated by Prados and Faugeras in [50, 52] and by Eanku
etal. in [59].

20katani and Deguchi [43, 44] does not make explicit the sBES SNote: instead of considering equations, it would be moreetito
PDE. They transform the brightness equation into an ev@w@quation. consider “Hamiltonians”; see section 3.2.1.




2 Mathematical formulations of the lignt source is located at in nity Thus, all light vectors

; are parallel and we can represent the light direction by
Lambertian SFS problem a constant vectot. = (;; ). We assume that the

The SFS problem is to recover the three-dimensiofigt source is above the surface, ther 0. We note
shape of a scene from the brightness variations in a black ( ;). We assume that the camera performoan
and white image of that scene. _th_ographlc projectiorof the scene. With this hypothesis,
The scene is represented by a surfSceLet be an ItiS natural to de ne the surfacs by
open set oRR? representing.the domain of de nition Qf S= (XX U(X1X2)): (X1;X2)2
the image; for example, is the rectangular domain . Lo .
10; X[ 10;Y[. We assume tha® can be explicitly pa- So, if the plang(0; x1;x2) represents the retinal plane
rameterized by a functio® from the closure of the set thenju(x)j is the distance of the poin&(x) in the scene

into R3 by x 7! S(x); to the camera (see gure 1). For such a surf&a nor-

. mal vectom(x) is given by
S= S(x); x2

nx)=(r u(x);1):

The image intensity is modelled as a functiofrom
into the closed intervdD; 1], by

I 1 [0;1]:x 7! 1(x):

Forallx 2 ,theintensityl (x) is the brightness obtained
when imaging the poir(x) of the surface&. We assume
that a single point light source illuminates the scene. Thus
with each poiniX in R® we associate the unit “light vec-

tor” L (X ) pointing to the light source. Finally, we assume I(X1;%2) = cog ) |. ,
that the scene isambertian We suppose that the albedo UG x2)]
is constant and equal to 1. For allin , let us denote L,

n(x), a normal vector of the surfacat the pointS(x) N (X2 X280

such that

n(x) L(S(x) 0 SurfaLce "\«%u(xl;a

With all the above hypotheses, the brightnkés) of the
point S(x) of the surfaceS is the cosine of the angleFigure 1: Image arising from an orthogonal projection.

(n(x); L(S(x))). In other words: The intensity of the “pixel(x1; x2) is the intensity of the
point (X1; X2; U(X1;X2)) on the surfaces; (we assume
I (x) = n(x). L(S_(X)) : (1) that the camera and the light source are above the sur-
in(x)j face).

Note that, through differential calcuttisve can easily ob-
tain an explicit expression for(x).

Given these hypotheses, the brightness equation (1) be-

2.1 The “orthographic SFS” problem comes
In this subsection we revisit one of the simplest versions 8x2 ; I(X)= ! u(>.<) |+ —: (2)
of the shape from shading problem. We assume that the 1+jr u(x)j?

4The two columns of the JacobiddS (x) are tangent vectors 18 anq therefore the_ shape from.Shaqing problem i§, given
at the pointS(x). Their cross product is a normal vector. an imagd and a light source direction, nd a function



u: ! Rsatisfying the equation: ~; u(x) > 0. Since equation (7) is homogeneous in
p r u(x) andu(x), we can simplify it by the change of vari-
82 ; I(x) 1+jruX)j?+ru(x)! =0:(3) able$v = In(u). Thus the “perspective SFS” problem

) ) consists in solving the PDE:
Note that by using the change of variables

q
) 1(X) f2r vi2+(x rv+1)?% (fl+ x)rv :(%;

v(x)=1 x+ u(x);

(proposed by Dupuis and Oliensis [17]), the PDE (3) can
be rewriten as

8x 2 ; I(x)p jrv(x) lj2+ 2+rv(x) | 1=0:

)
Also, in the case where the light source is in the same di-
rection as the direction of projection (it is the case consid
ered by Rouy and Tourin in [55]), we hake= (0;0; 1),
and the PDE (2) can be rewriten as an Eikonal equation:

S

8x 2 ; jrux)j

1 — .
IS

2.2 The “perspective SFS” problem

In this section, we assume that the camera perforpes-a Surface

spective projectiomf the scene and that thHight source

is located at in nity. A “pinhole” camera is representedrigure 2: Image arising from a perspective projection.
by its retinal plane and its optical center. It is characteThe intensity of the “pixel(x1; x2) is the intensity of the
ized by its focal lengthf; see gure 2. We assume thapointu(x1;X2)(X1;X2; f) onthe surfacs; (we assume

the scene can be represented by a suifade ned by that the camera and the light source are above the surface).

S= u(x1;Xz2)(X1;X2; f); (X1;%2)2
A normal vector of such a surface is given by:
fr u(x)

uX)+ x rux) 2.3 The *“perspective SFS” with a point
light source located at the optical center

n(x) =

As in section 2.1, we represent the light by a constant unit

vectorL = (;: ), with > O (we suppose that theln this section, we assume that the camera perforpes-a
light source is above the surfagg. We notel = ( ; ). SPective projectiof the scene and that the scene is illu-
In this context, the irradiance equation becomes: minated by a single poirlight source located at the op-
tical center This modeling corresponds approximately
b rux)+ (xoru(x)+ u(x)) to the real situation encountered when we use a camera
1(x) = 4 - () equiped with a ash in a dark place. It also corresponds

2; i2 2
FIr uC)j® +(x 1 ulx)+ u(x)) nicely to the situation encountered in some medical pro-

Now, let us suppose that the points of the surf&etocms like endoscopy in which the (point) light source is

are visible (according to gure 2); Sa veries 8x 2 5Also used in [50, 52, 59].




Optical center whereQ(x) = p—f . Now, as in section 2.2, we sup-

xj2+ f2
pose that the surfac® is visible (according to gure 3).
Souveries8x 2 ; u(x) 0: Therefore, equation

(9) being homogeneous, we can rewrite it by using the
change of variableg = In(u):

Retinal plane

q

LX) £2jr v(x)j2 + (1 v(x) x)2+ Q(x)? Q(x)=0:
(10)

Note: Okatani and Deguchi [44] do not make explicit the

PDE arising from the brightness equation . They design

their numerical algorithm by transforming the static SFS

equation as an evolution equation.

Figure 3: The intensity of the “pixe{%; f) is the inten-

sity of the pointu(x)(Xx; f)% on the surfacé.

+

ixj2

Surface

3 Shape from Shading and viscosity
solutions

located very close to the camera, because of space @t Why using viscosity solutions to solve
straints [44]. As in section 2.2f 0 represents the SFS

focal length. For mathematical convenience, we change
slightly the parameterization of the scene. According Ihe SFS PDEs (3), (6), (8) and (10) do not defend
gure 3, we suppose that it is represented by a surfacel; so they are ill-posed. In particular, the solution is not

de ned by unique. In effect, ifu is a solution, then for alt 2 R,
8 9 u+ cis also a solution. The ambiguities encountered with
< u(x) X _= this kind of equations are nevertheless not reduced to the
S=. — ¢ X 2 translations. For example, for the eikonal equation, the
jxpz+ f ' concave/convexe ambiguity has been considerably stud-

ied in the SFS literature [45, 26, 33, 38, 37]. To character-
ize a solution, we need to impose some constraints. Let us
impose Dirichlet boundary conditions (DBC) for insuring

For such a surfac8, a normal vecton(x) at the point

S(x) is given by:
0 - fu(x) 1 unigueness:
nix)= @ i f A
ru x+ —u) ¢ 8x2@; u(x)="(x); (11)

jxj2+ f

The single point light source is located at the optical cen-being a continuous real fu_nction _de ned @ . In
ter, so the unit light vectdr at pointS(x) is the vector ~ other words, from the SFS point of view, we assume that

the “distance” from the camera to the scene is known on

= g 1 X the boundary of the image. Admitedly, this hypothesis

L(SC0) = ixj2 + £2 f ' may appear restrictive. In a forthcoming paper, we show

how to remove these constraints. Let us note that, the

The irradiance equation (1) then becomes: reader can yet nd in the SFS literature some PDEs meth-
S ods computing numerical solutions with only at part of

2; i .

™. £2jr u(x)j2+ (r u(x) x)2 U002 u(x)=0: these boundary data; see for example work of Kimmel

Q(X)2 6In the sequel, concerning equations (8) and (10), we misuse t

(9) notation ofu, writing u instead ofv.



and Bruckstein [34] and the work of Oliensis and Dupuis In the following, we recall the de nitions of viscosity
[16, 17, 46]. solutions of Hamilton-Jacobi equations and some funda-
The SFS equations (3), (5), (6), (8), and (10) areental theorems. More details about these de nitions and
Hamilton-Jacobi equations. Generally, Hamilton-Jacodli proofs can be found in Barles's, Bardi and Capuzzo
equations with DBC do not have classical, i.e. differeolcetta’s or Lions's books [2, 1, 41].

tiable, solutions. For example, the equation

jr u(x)j =1 forallxin]o; 1[ (12) 3.2 Viscosity solutions of Hamilton-Jacobi

with u(0) = u(1) = 0, does not have classical solutions equations
(Rolles theorem). The notion of viscosity solutions is . . . . . .
very nice way of making quantitative and operational th e start with the notion o¢ont_|nuou3/|scosny solutions
intuitive idea of weak solutions of rst-order (and for tha{ntroduced by Crandall and Lions [12, 41, 14].
matter, second-order) PDEs. Also, equation (12) with the

DBC u(0) = u(1) = 0, has a (unique) continuous vis3.2.1 Continuous viscosity solutions

cosity solution (see gure 4-a)). The notion of viscos- ) _ ) _
We consider a Hamilton-Jacobi equation of the form:

H(rux)=0;x2 ; (13)

where is an open subset &2 andH is a continuous
real function de ned by

H: R? ! R :
Figure 4: a) Continuous viscosity solution of (12) with (x;p) 7! H(Xp)
u(0) = u(l) = 0; b) discontinuous viscosity solution of
(12) withu(0) = 0 andu(1) =1:5. H is called theHamiltonian The variable associated

tor u(x) is often notedp. LetBUC() be the set of
ity solutions has been introduced by Crandall and Lioggunded and uniformly continuous functions on
[12, 41, 14, 13] in the 80s. Its theory is now mature (see

the book of Barles [2] and that of Bardi and Capuzz®e nition 1 (Continuous viscosity solution)

Dolcetta [1]) and the numerical analysis of Hamiltony 2 BUC() is a viscosity subsolution (respec-
Jacobi equations has progressed considerably (see [2hlply, a viscosity supersolution) of equation (13) if:

In the shape from shading area, the rstinterestofthe ni®- 2 C1() ,8xo 2 local maximum ofu )

tion of viscosity solutions of Hamilton-Jacobi equations

is theoretical: it allows to characterize the solutionshef t H(Xo;r (xo)) O

SFS problem, and makes the problem well-posed. But

let us emphasize that this is not the only application. (respectively, if:

effect, Barles and Souganidis [3] have proved that the r8i- 2 C1() ,8x¢2 local minimumofu );

merical solutions obtained by using monotone schemes

are generally approximations of the viscosity solutions. H(xo;r (Xo0)) 0 )

Thus, thanks to the notion of the viscosity solutions, we

can understand exactly the numerical properties of thds a continuous viscosity solution of equation (13) if it
SFS algorithms. is both a subsolution and a supersolution of (13).

Its worth to remark that all SFS methods which require nof an;54sjty solutions are weak solutions. They are not dif-
boundary data need strong regularity properties on theisou In par-

ticular, in [34, 16, 46], the global methods work only if thalstion is in ferentia}ble! Nevertheless, .this notion is consistent with
c2() . the notion of classical solutions, as shown by the next



Theorem 1 Let u be differentiable in , a classical so- (H1) [convexity] H is convex with respect {@(8x 2 )
lution of (13). Ifu 2 BUC() , thenu is a continuous ] o o
viscosity solution. Leti be a continuous viscosity solu{H2) [uniform coercivity] H(x;p) ! +1 whenjpj!
tion of equation (13). Ifi is differentiable in , thenu is 1 uniformly with respectta 2,

a classical solution. (H3) [subsolutior] infyre H(X;p) 0in ",

We specify for the inexperienced reader that the de nitig,
of the viscosity solutions is associated to the Hamiltoni
and not to the equation. For example, it is well knowfH5) [compatibility] 8x;y 2 @, ' (x) ' (y)
that the viscosity solutions of the Hamiltonibir(x; p) are |_(x;y);
different from the viscosity solutions of the Hamiltonian .
H (x; p); see [51] for an example. then the functiom de ned in  by:
One of the most important interests of the viscosity so- Z .,
lutions f[heory is that it prowdes_aset ofgengral exstencg(x) = inf f H ((s); %s)ds+' ( (To))g (15)
and uniqueness theorems which only require very weak 0
hypotheses. Let us recall that the SFS Hamiltonians do . . . . . .
not depend om. Thus, to have uniqueness we add bouni-2 cont|nuc_>us wscoiny solution of e_quatlon (14) (in par-
ary conditions. Our choice turns to Dirichlet conditioné'.cmalr uveriesu(x) = " (x) forall xin @ ).
Thus for the SFS problems we consider equations  Theorem 2 is a special case of theorem 5.3 in [41]. It
can be interpreted as giving compatibility constraints for

(14) the boundary conditions. Under hypotheses (H1)-(H4),

the hypothesis (H5) is a necessary and suf cient condition
g- forthe existence of the continuous viscosity solution. We
mill say that' veri es thecompatibility conditionf (H5)
Is veri ed.
Theorem 2 allows to prove the existence of continu-
us viscosity solutions of the SFS problems (see section
3.4). Nevertheless, let us point out that the existence of

w4) [regularity] H2 C( R?),

H(r u(x))=0 on ;
u="'on@;

where' is a real function de ned oi®@ andH the a
equate Hamiltonian. The following theorem 2 applies
the special case where the Hamiltonidnappearing in
equation (14) (hence with Dirichlet boundary conditions
is convex with respect to u. It ensures thexistenceof
continuous viscosity solutions of the PDE (14).

We noteH the Legendre transforfof H : such a solution requires a constraint on the variation of

' (the compatibility condition). Let us remember that in

H (x;q)=supfpg H(xpg +1: practice we can only have at best an approximation.of
p2 So, if we make a large error on the functionvhen we

. compute a numerical solution of the SFS problems and

Letusde ne8x;y 2 if this error is too large then there do not exist continu-
Z, ous viscosity solutions. For example, equation (12) with

L(xy) = inf f H ((s); 9s)ds g u(0) = 0, u(1) = 1:5 does not have continuous viscos-
2Cxy ;To>0 ¢ ity solutions, because the compatibility condition doels no

. hold, see gure 4-b and [51]. So what do the numerical

where Cyy is the set of : [0;To] ! R? such that algorithms compute? In other words, how do we interpret

(()0) =X (To) = vy, 8t l2 [0;Tol; (1) 2 and {he numerical results? It appears that as soon as there do
2 L~ (0;To) (We denotd.~ (0; To) the set of bounded nq exist continuous viscosity solutions, we need to intro-
measurable functions de ned on the inter(@ To) and  qy,ce a weaker notion of solution. It turns out that the idea
taking their values ifR?.) of discontinuousiscosity solutions provides an answer to
these problems. For instance, we can prove that equation
(12) withu(0) = 0, u(1) = 1:5 has a discontinuous vis-
8See appendix A of [51]. cosity solution (unique in ]0,1[) which is shown in gure

Theorem 2 (Existence of continuous solutions)f




4-b). The notion of discontinuous viscosity solutions Note that
due mostly to Ishii [30, 29] and is covered in detail in the
book of Barles [2]. The recent book of Bardi and CapuzZo (G U(X);r (X)) = F (x;u(x);r  (x))

Dolcetta [1] synthesizes some recent results. = H(¢r (x) ifx2
. . o . FOqux)r (x))
3.2.2 Discontinuous viscosity solutions =minfHXr (X);ux) '(X)g ifx2@,

Let us consider the following equation on the closed su|lg— cu)ir (X))
set : = maxfH(;r (xX);u(x) '(X)g ifx2@.

Fcu()iru(x)=0;forx2 (16) Here the idea is to include the boundary conditions in the

whereF,denedon” R R?2is the locally bounded “Viscosity inequalities”. Thus, we impose the boundary
function: conditions in a weak sense. In particular, at pairz @
where the solutions cannot be equal #x), we instead

(17) impose that the “viscosity inequalities” still hold fét.

Let us note that the notion of discontinuous viscosity so-
lutions extends the notion of continuous viscosity solu-
tions. In other words, a continuous viscosity solution is
a discontinuous viscosity solution. Moreover, note that a
De nition 2 Let u be a locally bounded function on a sediscontinuous viscosity solution can have discontingitie

ey — H (x;p) forxin ;
Focup) = "(x) forxin@ ;
whereH is a real continuous functionon  RZ and'
is a real continuous function @ .

E.8x 2 E, let us note: For more details, we advise the reader to read chapter 4 of
) o Barles's book [2].
u(x) = “”;ISlip u(y) and u (x)=lminf u(y) The following existence theorem can be found in Bardi

and Capuzzo Dolcetta's book [1] (theorem V.4.13).
We recall also thatt : E ! R is upper (respectively,
lower) semicontinuous (u.s.c, resp. l.s.c)ifforang E Theorem 3 Let H(x;p) = sup,af f(x;@) p
and" > Othere exists asuchthatforaly 2 E\ B(x; ) [(x;a)g verifying the hypothese@i6)-(H8) (described
u(y) < u(x)+ " (respectivelyu(y) > u(x) "). Note below). Let 2 BC(@) . Thenu de ned by
that iflu is aloc]:';\IIy llaounded funtlzftion,hthﬁn isu.s.c andh Z0)
u is l.s.c. To familiarize oneself with these notions, the, , _ . * ) . )
reader can refer to the sections V-1 and V-2.1 of [1]. uex) = :gﬁ! A o 1< (8); (Nds+ " (yx (b))

De nition 3 (Discontinuous viscosity solutions) A lo- - (where y, is the solution of the differential equation
cally bounded functiom, u.s.c (respectively, I.s.c) on, yot) = f (y(t); (t));t> 0; andy(0) = x; and where
is a discontinuous viscosity subsolution (respectively, %, ( ) is the rsttime the trajectoryy (;; ) goes out of )

persolution) of equation (16) if: is a discontinuous viscosity solution of
8 2C() ,8x02 localmaximumofu );

H(x;ru)=0 in

FOqux)r (x)) 0 u=" on@ : (18)
(respectively, if:
8 2C1() ,8%x02 localminimumofu ); The hypotheses (H6)-(H8) are:
F Oocu(x);r (x)) 0 ): (H6) A is a compact topological space and is a

bounded open subsetRf;
A locally bounded function is a discontinuous viscosity

solution of (16) ifu is a subsolution and is a superso- (H7)f :~ A R?is continuous,

lution of (16). I:7 Al Riscontinuous and bounded;



(H8) f andl are Lipschitz continuousin 2  uniformly and with the “perspective SFS” with a single point light
ina2 A. source located at the optical center, we associate the

) L HamiltonianH ¢ : X)= f= jxje+ f2
As we will see below, all the SFS Hamiltonians can be F Q) J )

rewritten as supremums. The reader unfamiliar with con-

trol theory can read appendix A of [51] in which we detail

the tools allowing to make this transformation. Finally, le LX) f2jpi2+(p X)2+ Q(x)2 Q(x): (23)

us emphasize that, as shown by theorem 3 the existence of

the discontinuous viscosity solution (with DBC) does not . - —

require anymore that veri es the “compatibility condi- >-3-2 A “generic” Hamiltonian for SFS

tion”. As we have seen in the previous section, the SFS problem
leads to several Hamiltonians. Nevertheless we show that

3.3 Hamiltonians for the SFS problems and all these SFS Hamiltonians are special cases of a general
uni cation of the “perspective” and “or- one, thereby simplifying the formalization of the problem.

thographic SFS”
3.3.1 Hamiltonians for SFS

HE™ (x;p) =
q

Explicit formulation of the “generic SFS” Hamiltonian

o In [51], we show that all the SFS HamiltoniaHS™ and
In chapter 2, we have presented several PDEs arising frpmers " .o special cases of the following "generic” Hamil-
various mathematical formulations of the SFS proble%niaan de ned by:

Let us recall that the de nition of the viscosity solutions
is associated with the Hamiltonians and not with the equa- Ho(x:p) = Hg(X;Axp+ V) + Wy P+ G
tions. Therefore for each SFS equation we have to specify

a Hamiltonian. _ _ with Hy(x;q) = Xp jgZz+ K2 and where (x),
Wlth theorlilk.onal equation (6), we associate the Ham|J<(X) 0,Ac = Dx Ry, Dy = ¢ 0 R, is the
tonianH g} : x
S —— rotation matrixﬁ iz XX1 if x60,Ry, = Id if
. 1 2

The associated functions ; Wy ; Cx; x: x; x andKy,

With equation (3), we associate the Hamiltonidg™ for the various SFS Hamiltonians are:

(introduced by Rouy and Tourin [55]): for the “Rouy/Tourin HamiltonianH g™

p— 1. —1- — . 1.
HE% (6p)= 1(x) T+jp2+p | :  (20) =1 x =1 21000 K= 1
Wy =l vek =05 ¢ =
With equation (5), we associate the Hamiltonlalg’:“g)

“ i i i i iapy orth -
(introduced by Dupuis and Oliensis [17]): For the “Dupuis/Oliensis Hamiltoniarti 374 :

x=1; x=1; x=1(X); Ky= ,

pP———— i ) .

HIM (x;p)=1(x) jp 12+ 2+p | 1. (21) Wy =l vx= Ryl;= 1
With equation (8) of the “perspective SFS” with a distant For the “Eikonal HamiltonianH i :
light source, we associate the Hamiltontd§S: (intro- x =1 x =17 x=1;Kx=0,
duced by Prados and Faugeras [50]): Wy =0; vk =0; ¢ = |(>%)2 1,

HEZE (% p) = For the “Perspective SFS” with a point light source at

q . in nity HEE
2ini . -

L(x) fpiz+(x p+1)° (f1+ x) p ; (22) == AN = 1 (X):
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Ki= " wy = (fl+ x); By using the Legendre transform and differential calcu-
o L lus, we show in [51] that we can rewrite the Hamiltonian
Vx = Dy "Rex = (05 P fz+—jsz)' &= Hg as the supremum (25) with

For the “Perspective SFS” with a point light source Io'fg(x; a)= [ « tRF)ijRx:a"' Wy I

pers . — '
cat?d a.tthe_fo aI(Z:ent_H_g. L . lgca)=  [Ky x 1] a2+ x('RyVy) a+ ¢ [:
x = ox = PR =)

Ky = L Wy =0; v, =0; = Ky

o+ xj2

3.4 Existence of viscosity solutions of the

For all the SFS Hamiltonians, we can remark that SFS problems
(‘RxAx) 1, 'RyAy, 'RyVy, Ky, x and 4 are contin-
uous (therefore bounded if is compact), thatvy is Lip-
schitz continuous (therefore bounded ifis compact),
thatvx, x are bounded and thaf =1(x) andcy is Lip- |n this section, we apply theorem 2 to prove the existence

3.4.1 Existence of continuous viscosity solutions of
the SFS problems

schitz continuous and bounc_f’ed _ _ of continuous viscosity solutions of the SFS Hamiltoni-
We call “generic SFS” equation, equation associated Wigis. Let us remind the reader that all the properties proved
the “generic SFS” Hamiltoniar8x 2 ; for the “generic SFS” Hamiltonian are also available for

all the SFS Hamiltonians.
Hg(X Axr u(X) + vy) + wy r u(x)+ cc =0: (24)

, . , . . At rst, the “generic SFS” HamiltoniarH 4 is convex
This formulation considerably simpli es the analysis O\R/ith respect tq: (H1) is true.
the problem. All theorems about the characterization and
the approximation of the solutions can be proved by usingapout the uniform coercivity (hypothesis (H2) de-
this generic SFS Hamiltonian. In particular, this formulagriped in theorem 2), in [51] we prove the
tion uni es the orthographic and perspecttfeSFS prob-

Iemsb Also,dfrtom a p“”?"“ﬁa' pcl>lnttcr>lf View,ique Col;ile Proposition 1 Let us consider the Hamiltonian
can be used to numerically solve these various pro em|_§g (dened in section 3.3.2). Assume  that

G (PR Ay) 1wt Ry vy are continuous
and bounded on the compact set If 8x 2

a1 oy . .

. : . . Wyj < thenHy(x;:) is coercive uniforml

From atheoretical point of view as well as from a practlcglf.b‘X x) X = 9(x) y
with respect to< in

one, it is very interesting to formulate the SFS Hamilto-

nians, and so the “generic SFS” Hamiltonian, as a supre- . . . . .
mum: Geometrically, this last condition holds iff the ambigu-

ity cone (set of the unit vectors verifying cos(;L) =
Ho(x;p)= sup f fq(x;a) p lg(x;a)g (25) I (x)) does not intersect the orthogonal plane to the pro-
a2B,(0;1) jection line; see gure 5. Analytically, we obtain easily

o the following statements:

(B,(0; 1) is the closed unit ball dR?). For example, such

a formulation allows to apply the existence theorem 3 toH 2, HE®® are uniformly coercive if (x) > 0.
the SFS problem. Also, in section 4, we show that it al- | o;n H orth
lows to design approximations schemes and numerical al- R=T ** D=0
gorithms. Therefore it allows to compute numerical ap-H5ZZ is uniformly coercive if

proximations of the viscosity solutions of the SFS PDESs. | (x)2 > - +1ij2 ix + 12+ pxEliz (x 12

Control formulation of the “generic SFS” Hamiltonian

are uniformly coercive if (x) > jlj.

9Except forH 2ih
19ncluding our new model with the light source located at thtiaal 11The uniform coercivity property is the hypothesis (H2) disad in

center. theorem 2

10



Ligmvec“’ézr Ambiguity cone Hohtvectory  mbiguiycone | iS Lipschitz continuoyghe hypotheses (H6)-(H8) hold
o ? for all SFS Hamiltonian¥. Therefore, theorem 3 ap-
rthogonal plane Orthogonal plant .
Projection line plies for each model of the SFS problem. Thus, for all
' 2 BC(@) there exists a discontinuous viscosity so-
lution of all our SFS equations (PDEs with DBC). The
compatibility conditions are no more requitéd

Projection line

A=

focal plane Optical center

a) Orthographic case b) Perspective case

Figure 5: Ambiguity cone and plane orthogonal to thd.5 Characterization of the viscosity solu-
projection line. tions of the SFS problems

In the previous section we have proved the existence of
Hence, subject to the adequate conditidnsll SFS viscosity solutions of the Lambertian SFS problems. Nev-
Hamiltonians verify hypothesis (H2). ertheless, as we will show in this section, the SFS prob-
lem with DBC (on the boundary of the ima@® ) do not
fave a unigue viscosity solution. For computing a numer-
e H(x D) = ical solution of the SFS problems, we need to choose one
Nt p2 R2 Qq(Xp)— solution among all. To make this choice, we must charac-
Kx 2 jtAx twyj2 (‘A lwy) vy + ¢, terize the solutions. As Rouy and Tourin have proposed
if « J 'Alwyj. Otherwisejnfpore Hg(x;p) = 1 . in [55] we achieve this goal by enlarging the DBC to the
By substitutingK ; x;Vx;Wx;Ax by their adequate ex-set@ [f xjI(x)=1 g.
pressions, we prove that all the SFS Hamiltonigirfs"

pers :
andH verify (H3). 3.5.1 Uniqueness results for the continuous viscosity

Finally we prove that as soon as the intensity image solutions of the SFS problem when (x) < 1
is continuou®, all SFS Hamiltoniansi **** andH orth
are continuousin  RZ.

Concerning hypothesis (H3), by taking the derivativ
we verify that:

The following theorem allows to prove the uniqueness
of the continuous viscosity solution of the SFS equations
Therefore, if thecompatibility condition(H5) is satis ed When the intensity image does not reach the (maximal)
on@ (if the intensity image is continuous and if the coeialue 1. This uniqueness restfttis due to Ishii [28] and
civity conditions are veri ed)then all the SFS problemshas been proved later in a different manner by Lions [41].
(PDEs with DBC)have continuous viscosity solutions

Theorem 4 (uniqueness)Let be a bounded open sub-

3.4.2 Existence of discontinuous viscosity solutionsset 0fR?. Let us consider the equation
of the SFS problems
H(xr u(x))=0 8x 2 : (26)

In section 3.3.2 we have rewritten the “generic SFS”
HamiltonianH 4 as the supremum: If H veri es the hypothesegH1), (H9) and (H10) (de-

L _ . scribed below) then there exists at most one continuous

Hg(x:p) = azsé_li‘()o_l)f fo(xa) p lg(xa)a: viscosity solutiou of (26), continuous in , such that

fy andly being detailed in section 3.3.2. In the re- ux)="(x); 8x2 @:
port [51], we prove that as soon as timensity image

L4For the HamiltoniarH &, we also need to impode> Oon .
12 et us note that, when the direction of the light is not tooffam 15 et us note that, also, the coercivity condition (H2) is norence-
vertical and the brightness is not too dark (i.e. the ambjgcone is quired.
relatively tight) this assumption generally holds in preet 16For more general conditions, see [42]. A proof can be found in
13For the HamiltoniarH g{}g .| must also verifyl > Oon" . section 11.5.3 of Bardi and Capuzzo-Dolcetta 's book [1].
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(H9) [space variableregularity] There exists a nonde-in the case wherél is the HamiltoniarH gﬁ? . We gen-
creasing function which goes to zero at zero, such thateralize their result to the continuous viscosity solutiohs
8x;y 2 ; 8p 2 RN; HX:p)  H(Y;pj all our SFS HamiltoniansH°™ andH P*"®). In particu-
PGx  yj(X+jp)): lar, we extend their work to the “perspective SFS” prob-

lem.
(H10)[strict subsolution] there exists a strict ViSCOSityWe denoteS the set of singular points (also called critical
subsolutionu 2 C1() \ C() of (26) (ie. such that gular points (

i . ) points):
H(x;r u(x)) < Oforall x in ); S=1fx2 jl)=1g
When the intensity image veri e8x 2 I(x) < 1,

_ ) In this work, we assume th&tcontains a nite number of
theorem 4 applies to all the SFS equations. In effect:

isolated pointsS = fx1;::;xng'8. Letus x n real con-
the convexity oHg is clear: (H1) holds; stantg(Gi)i=1 ::n . Thanks to the result presented in the pre-
o " pers vious section, we can claim that, as soon as the intensity
for all the SFS Hamiltoniansl ®™ andH ™", the hy- jnage| is Lipschitz continuous, all SFS equations (27)
pothesis (H9) is true as soon as the intensity image ith DBC have at most one continuous viscosity solution
Lipschitz continuous’; u such that for ali = 1::n, u(x;) = ¢. To prove this
assuming that for alk in , 1(x) < 1; the reader last assertion, we just have to enlarge the DBC to tr_lg set
can verify that all constant functions are strict visco® [S and to apply theorem 4. Thus, for characterizing
ity subsolutions of the Hamiltoniarks2fi , Ho™ and 2 SFS continuous viscosity solution, we car(w) ignore the set
of singular pointsS and work in the openset’= S .

HP'®, thate : x 7! 11 xis a strict viscos- )

) } o Therefore, we consider the problem

ity subsolution of the Hamiltoniahi S, and that :

x7!  Ing In( f | x)isastrict viscosity sub- H(x;r u(x)) =0 8x2 © (28)
solution of the HamiltoniarH 52° (we need to impose ux) =" (x) 8x2 @°

f | x> 0/ie.L (x; f)<O0). ) .
rather than (27). So, by using the existence result of

Thus, as soon as the intensity imdge Lipschitz contin- section 3.4.1, we prove that, if the intensity imagés
uous and veri es Lipschitz continuous (and if the coercivity and compati-
8 . . bility conditions are veri ed), then for all SFS equations
X2 ; 1(xX)<1 . . . . . .
(28), there exists a unique continuous viscosity solution.
all the SFS equations (with DBC) have at most one cohhus, all the continuous viscosity solutions of (27) are
tinuous viscosity solution. then obtained from these by choosing almost arbitretily
the constants; (= ' (x;)).
3.5.2 Characterization of the continuous viscosity so-  In practice, for computing a numerical solution of the
lutions of the SFS problem whenfxjl (x) = SFS problem, we must characterize the solution we want
196 ; to compute, rst. The characterization we propose here
is somewhat disappointing. In effect, it assumes that we
In practice] can reach the value 1 in an arbitrary compaghow the values of the solution at all the singular points

setin . This implies that there does not exist a strict Visghg on the boundary of the image. But the input data to a
cosity subsolution andie lose uniquenesi [55], Rouy

and Tourin characterize the loss of uniqueness of the conerhe situations whers (the interior of the se8) is not empty, are
tinuous viscosity solution of the equation non generic. In effect, for a given experimental setup ef light,
camera) suchth& 6 ;, an arbitrarily small change in the experimental
H(xru(x))=0 8x2 ) Y 9 P

u=" 8X2 @ : (27) parameters (for example, when the light moves) will m8ke ;. An
image such thaf § ; is highly unlikely.
17For the Eikonal Hamiltoniai g[l‘(g , we also need to imposx 2 19 et us recall that for ensuring the existence of a continwissosity
;1 (x)> 0. solution, the compatibility condition must be veri ed.
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SFS problem consists only in general of an image. We @beorem 5 Let be smooth enough, let and' be two
not have at our disposal the values of the solution at tbentinuous functions de ned as in section 3.2I1PH sat-
singular points or on the boundary of the image. Neis es the hypothese@1), (H9) and (H10)?%, and if H
ertheless, although this may appear a bit restrictive, datis es the boundary hypothesg$l1l) and(H12) which
this article we will assume that we know these “boundmpose properties off on @ , then the strong unique-
ary” data. In a forthcoming paper, we will describe howess property holds on the setfor the equation (29),
to remove this constraint. Another possibility is to choosehereF is de ned as in section 3.2.2.

among all solutions one which possesses an extra prop-

erty, as in the work of Falcone et al. [8, 22, 23] where théhe hypothesis (H10') is a hypothesis slightly stronger
uniqueness is obtained by choosing the maximal solutiéhan hypothesis (H10) of the theorem 4:

The work of Falcone is based on the notion of “singul , . . .
viscosity solutions”. This notion pioneered by Ishii ang_go) [strict subsolution]  there eX|.stg 2 Cl()_ \
Ramaswamy [31], has been recently upgraded by Cam Ig) and < OsuchthaBx 2, H(X;r u(x)) <

[9,7]. Letus emphasize_tha_t in his work Falcone assumgse hypotheses (H11) and (H12) are the following: there
(as we do) that the solution is known on the bound@ry exist a neighborhood of @ (ie. is an open subset of

R?s.t.@ ) such that

3.5.3 Case of the discontinuous viscosity solutions (H11)[p- regularity on @ There exists a functioh

The uniqueness results for the discontinuous viscosity ¥4lich goes to zero at zero, such tBat2 ; 8p;q2 R";
lutions are almost the same as the uniqueness resultd b P)  HOGa) ! (p  q);

the continuous viscosity solutions. Nevertheless, they
need stronger hypotheses; which is reasonable becdlist?) .
discontinuous viscosity solutions are weaker solutioffSPeCt tax in
than continuous viscosity solutions (the set of the discoe— . .
. . . . . : I](_early the strong uniqueness property involves the
tinuous viscosity solutions of an equation contains the sé

. . ) . . .~ uniqueness of the discontinuous viscosity solution.
of the continuous viscosity solutions). In particular,liet .
ngrefore, thanks to theorem 5, we can prove the unique-

discontinuous case, in order to have uniqueness we ne ; : . . X .
. . Ss of the discontinuous viscosity solution of (29) in
a strong uniqueness property (see section 2.2.3 of [54]]. ) —
te that generally we do not have uniqueness.in

Let us remind that, in the framework of the disconstinu- .
ous viscosity solutions, we consider the PDE Theorem 5 applies to the SFS problem. The three hy-
' potheses (H1), (H9) and (H10") are almost the same as
. . -n- - the hypotheses of theorem 4. As in the previous section
F(u(x);r u(x))=0; 8x 2 ; 29 ) .
() () (29) we can prove that they are veri ed for the SFS Hamil-
whereF be a function (de ned as in section 3.2.2) WhiclﬁonignsH."“h anQH P as Soon as the iqten_sity image
takes into account the boundary data. is Lipschitz continuous and veries < 1in . Con-
cerning the hypothesis (H11), we can prove that it holds
Deniton4 Let be an open subset 62, letE ~ for all SFS Hamiltoniang4°™" andH . Moreover,

and letF be a function de ned as in section 3.2.2. We SA?t us remind that, in section 341, we have detailed the
that the Strong uniqueness property holds on thdestr conditions inVOIVing the CoerCiVity of all the SFS Hamil-
the equation (29) when we have: “for all subsolution tonians. Therefore, if the intensity imagids Lipschitz

on the boundary of the image are such that the coercivity

We have the following strong uniqueness relult hypothesis holds, then there exists at most one discontin-
uous viscosity solution in .

[coercivity] H (x;p) coerciv inp uniformly with

205ee theorem 4.5 (and more exactly its corollary 4.1) of Btk
[2] in the particular case where the Hamiltonieindoes not depend on  2!Note that these hypotheses are very close to the hypothégies o
uniqueness theorem 4.
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Contrary to the continuous case, the above result (hg) < 1forall x in , then the viscosity solutions of the
unigueness of the discontinuous viscosity solution of tlethographic SFS problem (associated to the Hamiltonian
SFS problem) does not apply on the sét = S Hg’:ﬁ ) are robust to noise. This also applies to the other

(when the se§ of the singular points is not empty). ThesES Hamiltonianst ©™" andH 'S . In effect, the reader
reason of this lies on the difference between the hypotkgy verify that the proof proposed for the orthographic
ses (H10) and (H10%). The uniqueness of the contingase can be adapted to the generic Hamiltonian.

ous viscosity solution only requires the hypothesis (H1{}) the same idea, it is possible to prove that the viscosity
(theorem 4), whereas the uniqueness of the discontinugggitions of the SFS problems are robust with respect to
viscosity solution requires the stronger hypothesis (M1Ghaccuracies in light and focal parameters. Nevertheless,
(theorem 5). In the rst case, the hypothesis (H10) holgige proof of this statement requires much more sophisti-

even if there are singular points on the boundary of cated tools and will be the concern of another furthcoming
whereas in the second case, the hypothesis (H10") iﬂaper.

poses tha8x 2 ; | (x) < 1; hence there cannot be any
singular points in@ . Note that the hypothesis (H10') is ] )
optimal for obtaining the uniqueness of tiiecontinuous 4 ~ Two approximation schemes for
viscosity solution, see [51], for an illustration of thixfa “« : ” :

by considering the particular case of the Eikonal equa- the generic SFS equatlon
tion. As a matter of fact, this limitation is not really an
problem. In effect, in the previous case we have assunlzﬁg5
that we knew the values of the solution at all the singul
points of the image. It is not more absurd to assume t
we know the values of the solution in an arbitrarily sma;

ection 3.3.2, we have shown that the various mod-
of the Lambertian SFS problems can be uni ed by
e “generic SFS” Hamiltoniakly. In this section, we

"iltt—.‘sent two schemes approximating the “generic SFS”

neighbourhood of the set the singular points. Thus, fgguatlon (24). These approximation schemes allow to

- . . . X ; Ive numerically this equation. Let us note that the nu-
characterizing a discontinuous viscosity solution, we Clrical method we present here can be generalized to all
specify its values on the boundary of the image and i

) ) . X milton-Jacobi-Bellman equations, see [51].
neighbourhood of its critical points. ! ! quatl [51]

4.1 Approximation schemes
3.6 Noise robustness of the viscosity SOIU'In this section, we remind the reader of the de nition of

tions of SFS an approximation scheme. An approximation scheme is a

- o . functional equation of the form
In computer vision or more generally in image processing,

the images are always corrupted by noise. It is therefore T(:xu )=0 8x 2~
very important to design schemes and algorithoisist
to noise. That is to say we would like that the result olghere T : M -~ B(O)O ! RM = R" R,

tained by the algorithm from a noisy image be close to ta@dB (D) is the space of bounded functions de ned on a
ideal result obtained from the perfect image. This progetD. 2 M de nes the size of the mesh that is used
erty is often dif cult to guarantee. For the “SFS” probin the corresponding numerical algorithms, see section 5,
lem, the robustness is mathematically expressed by thejs a solution of the scheniB. Forh;;h, 2 R*, we
continuity of the application which, given an imabere- write = (hy;hy). If hy = hy, welet = h; 2 R*.
turns the associated surfageln other words, we would Also, we (mis)use the notatio3“> 0" which stands for
like that, for all sequences of noisy imagdesuniformly «g 2 M suchthah; > 0andh, > 0".

converging toward an imagk, the sequence of recovFollowing [3], we introduce the representatiofisof a
ered solutionss- uniformly converges toward the soluschemer as

tion u associated td. In the research report [54], section

4.1.3, we have proved that if the intensity imdgeeri es S(;x;u (x);u)=0 8x 2 ;
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where 4.2 Two “generic SFS” approximation

s:M ~ R B() ! R schemes

(xtu) 7oSGxtu: 4.2.1 An “implicit” scheme

Note that a representation of a scheme is also a scheme.
It is a way to simplify computations. In effect, the repLet us remind the reader that in section 3.3.2, we have
resentation of a schen¥®( ;x;u ) = 0 by a scheme of rewritten the “generic SFS” equation as a supremum:
the formS(;x;u (x);u ) = 0 suggests an iterative al-
gorithm for computing a numerical approximation of the sup f fg(x;a) r u(x) lg(x;a)g=0 8x2
solution of the scheme. Givarl' (the approximation of 22B(0:1)
u atstepn), and a poink of , the associated algorithm
consists in solving the equation

(32)

For lighter notations, we denote (x;a) (respectively
fo(x;a)) the rst (respectively, the second) component
S(;x;t;u™=0 (30) of fg(x;a). In this section, we design an approximation

scheme of (32) by using only the backward and forward

vvf|thnrespect ta. A §o|u§onV8L(3O)h|_s thel updated \l’)alu%pproximations of the partial derivatives. Thus in order
of u” atx (see section 5). en this solution can be Oﬁi guarantee the monotonicity of the scheme, it appears

tained explicitely we talk about explicit schemes, when it _ toux Re)
cannot, we talk about implicit schemes, see next sectio'ﬂ"."turaI to replace@ u(x) \I’V'th hi when
In the SFS problem, the open set is bounded. f;(x;a) 0and by U(X”rzilel)t when f;(x;a)

In practice, we generally consider the rectangular do- . .
main J0;X[ 10:Y[ of R2. Since we are consider-8‘ We therefore consider the sche®avith S (see equa-

ing the “generic SFS” equation with Dirichlet bound©" (31)) de ned as
ary conditions, we consider “schemes with Dirichlet
boundary conditions”. These schemes are de ned byS(;x;t;u )=

S(;x;u (x);u)=0,whereSis de ned by " PR
sup f1(x:) t u(x sl.(x,a)hlel)
e v_S(ixitu) ifx2 a2B(0;1) s1(x;a)h:
S(;xtu)= . . ) (31) |
tore) ifx2 t u(x + s(x;a)hze,
L A f2(x;a) <o ly(x;a)
where =fx2 jx hie;2 andx hye; 2 g; 2(x; a)ha
and[ = . Since' isdenedonlyon@ ,we = sup f fg(x;a) D(;xituia) lg(x;a)g;
assume in (31) that we have extended it continuously to 228(0:1)
[ . We now introduce the (33)
De.ni.tion 5 (monotgnicity) The o= scheme wheres;(x;a) is the sign offj(x;a) andD( ;x;t;u;a )
§(8 X’ZUM (_XS))’(UZ )_';Bt g Rdznndegu'l?/ ) B(ITS monotone s 4 approximation of the gradieri( ;x;t;u;a ) =
, , , ’ t u(xw;ls(lx(g:;h)r-lel) : t u(xJ;zs(zx(;:;e;g?'zez) . The function
u v =) SGixtu)  sSGxtv) S de ned by (33) is clearly nondecreasing with respect
(the scheme is nonincreasing with respeatfo to t and nonincreasing with respectio Therefore the

. ) ) schemes with S de ned by (33) is monotone. In section
There exists essentially only one method for proving thes \ve prove that this scheme is stable. Since the variable
convergence of the solutions of schemes toward viscosityppears inside theup operator, the scheme is impliéit
solutions, i.e. the one presented by Barles and Sougani-
dis in [3] Thl.s method requ.lres the maonotonicity Of_l”e 22| et us note that by using (differential and algebric) caisywe can
scheme; this is why we design monotone schemes in tgress explicitly the solution of the equationtinS(;x;t,u ) = 0 .
sequel. This step is necessary for implementing the associatedlitigo
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4.2.2 A “Semiimplicit” scheme Let us remark thasp and the optimal o, depend orx,
ut thatag does not depend on . Thus, for allx such
atf (x;ap) 6 0, if we choose = opt, the scheme

I??34) becomes:

A classical method to deal with the implicit scheme (3

consists in transforming the scheme into a xed poi

problem. We multiplyS by a ctitious time increment
(with > 0) and we add1 (x) to both sides of S xtu)= t

the equatior§ = 0. In other words, instead of consider- =2 '™ "

ing the scheme de ned b$( ;x;t;u ), we consider the xe

one de ned by the function

S(xtu)=t uXx)+  S(;xu(x);u):

lg(x;@0) .

|

u(x + sihi g

1 + ( i i |) i+
whereay is the optimal control of (34). The particular

For the sake of simplicity, we writg, for sj(x;a) in the case wheré 4(x; ap) = 0 is described in [51].

sequel. Thus we obtain a new formulation of the scheme

S(;x;u (x);u ) =0 byde ning Let us emphasize the fact that the schemes de ned by (34)

have exactly the same solutions as those de ned by (33).
SOxtu)y=t ux)+
sup f fg(x;a) D(;xu(x);u;@) lg(x;a)g; 4.3 Stability of the “generic SFS” approxi-
a2B(0:) mation schemes
=t+ sup f [1 ( 1+ 2ux)
a2B(0:1) In this section, we show that the (implicit and semi-
implicit) “generic SFS” approximation schemes have al-
ways solutions. Note that all the results we present in this
lo(xa)g: (34) section are proved in [51] and that we have generalized
where ;| = jfi(;;a)j: Note thatSs( :x:t;u ) is nonde- them to the Hamilton-Jacobi-Bellman equations. We start

creasing with res'pect toand nonincreasing with respecWith the de nition of the stability of a scheme (according
; S .. to Barles and Souganidis [3]).
to u as soon as the function?! +  S(;x;;u)is

nonincreasing. Also, we can verify easily that the scherpg nition 6 (stability) The schem@& (;x;u ) =0 de-
associated to (34) is monotone iff is small enough neq on ™ is stable if8 > 0, it has a bounded solution

( (1+ 2) % forallain A and forallx such it s uniformly stable if its solutions are bounded
thatf (x;a) 6 0. If f (x;a) = 0, no constraints are r€-independently of.

quired). In other words, this formulation of the decen-

tered schemes requires that some conditions be satisNate that the semi-implicit scheme (34) is stable (respec-
in order to be monotone. Despite this disadvantage, theely, uniformly stable) iff the implicit scheme (33) issst
formulation (34) is interesting because it yielslsmi im- ble (respectively, uniformly stable). We prove the staili
plicit algorithms whereas the formulation (33) providesf the implicit “generic SFS” approximation scheme, by
totally implicit algorithms. We use the expression “semising a result based on the notion of the subsolutions of a
implicit” because the value of thup has to be evaluatedscheme:

at each poink, but it does not involvé. Nevertheless, we . . o

will see that the algorithms resulting from the formulatiof® Nition 7 (subsolution of an approximation scheme)

(33) can be made explicit through the use of calculus. For @ xed > 0,v @ ! Ris a subsolution of the
schemél'(;x;u )=01if 82 ,T(;x;v ) O.

I I
[ 1u(x+ sihier) + ou(x + sphzep)]

Remark 1 Let us mention that the larger the “para-
meter” , the faster the convergence. Therefore, This de nition in hand, we can formulate proposition 2.
f (x;a0) 6 0 (whereag is the optimal control of (34)),

we can choose an optimal : Proposition 2 Suppose tha&® > 0, there exists a subso-

lution of the scheme and that there exists 2 R such
ot =( 1+ 2) 1. that for all subsolutions ,8x 2~ ,v (xX) M . Iffgq
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veri es the hypothesifH13) (see below), then the implicitProposition 4 Suppose that for at in the bounded sub-
“generic SFS” scheme is stable. MoreoverMf 2 R set , there exists a contral, 2 B (0; 1) such that for all
does not depend onthen the stability is uniform. i =1;2, the sign offj(x;ax) does not depend an For

i = 1;2, let us denotes; the sign off j (x; ax). Also, let
(H13)For all x 2 , there exists, 2 B(0; 1) such that us suppose that there exists> 0 andj in f1;2g such
fg(x;ax) 0. that8x 2 , sifj(x;ax) ". If Il and' are upper

bounded then all the subsolutions of the implicit “generic
About the hypothesis (H13), we can remark thabging SFS” approximation scheme are upper bounded. Also,
xed): there exist83 > O such that8 2 R, for all subsolution

v of the implicit “generic SFS” approximation scheme,

8a2 B(0;1); fg(x;a)=0() wyx=0and x=0: wehaver B

. For all x in ~, let us consideéf a =
In practice, forH 2 andHP®*, and forH 25, H3™  — L1 )
andH O™ with | = 0, there are no shadows, thereford!! x 1 wx , then we havefg(x;ax) =

D=0
[ (x) is (should be) never null. If 6 O thenw, asso- (1;1). Therefore proposition 4 applies as soorl s

ciated withH3™ andH 3™ is not null. ForH 2®, it bounded (which holds for all SFS Hamiltonians because

holds iffl ( £1) 6 0. is bounded). N _ _
This shows that the dif culties for proving the stability of _TheSrgfore,_ proposition 2 applies to all SFS Hamilto-
the implicit “generic SFS” scheme lies in the proof of thRians® implying that the implicit (and therefore semi-
existence of subsolutions and in the proof that the sub&9Plicit) schemes are uniformly stable (foiin R).
lutions are bounded. In the case where the HamiltoniRemark 2 Propositions 2, 3 and 4 do not require regu-
Hg veries Hy(x; 0) 0, the following proposition en- larity with respect to the space variabte In other words,
sures the existence of a subsolution: the continuity of the intensity imagdeis not required for
obtaining the stability of our SFS schemes. They are still
Proposition 3 Let' be a bounded function de ned on gelevant when the intensity image is discontinuous and
neighbourhood o . Ifforall xin ,Hg(x; 0) Othen when there are black shadows.
all constant functionsi on  such thatu ~ min ' (x),

are subsolutions of the implicit “generic SFS” equation.4 4 Convergence toward the viscosity solu-

Clearly, this last proposition applies td g , HP®" tions of the “generic SFS” equation

andHgZLy . It also applies tH™h andHEZ® when o proving the convergence of the solutions of an ap-
L =(0;0;1). Concerning the general case of the Hamiroximation scheme toward the viscosity solution of a
tonianH 3™ , we prove thatip(x) := 11 x+ C (where Hamilton-Jacobi equation, we use the method (based on
C is chosen such th@®x 2 ; up(x) miny' (x))is a the notion of weak limits) due to Barles and Souganidis
subsolution. We have not found subsolutions associafdl Remember that in the framework of discontinuous

with the HamiltoniarH 52 2 viscosity solutions, the PDE with Dirichlet boundary con-
Finally, for proving that all the subsolutions of thalitions is rewritten as:
“generic SFS” approximation scheme are upper bounded, FOou(X):r u(x)=0; 8x27 (35)

we can use proposition 4. _
whereF isdenedon R RN by

Notation 1 Let us remind the reader that for=1; 2, we H (x: p) if xin
notef; (x; a) thei™ component of 4(x; a). Fiup)= 7" (x) ifxon@ :
23As mentioned in [51], we can design another Hamiltonian ¢tlsth ~ 2“We assume th&dx 2, x 60.
H%ers ) associated with the “perspective” equation (8) and varfy  2°Except forH 52 , because we have not found subsolutions of the
HE® (x;0) 0. associated scheme.
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We now give the de nition of the consistency of an apuniformly with respect tax) in a neighborhood of@
proximation scheme according to Barles and Souga(see section 3.4.1 for a description of the coercivity con-
dis [3] (in this section, we assume tha? R). dition for all SFS Hamiltonians).

Therefore, subject to these last conditions, the solu-
tions of the implicit SFS schemes converge toward the
unigue viscosity solution of the adequate SFS equation

De nition 8 (consistency)
The schemé&s(;x;u (x);u ) = 0 is consistent with
equation (35)if 8x 2~ and 8 2 C! ()

o . when | 0.
imsup 3L WL * ) Eo(x (x)ir (X))
and Remark 3 Since the solutions of the semi-implicit
liminf SGX_O* 2 * ) F (x: (x);r (x)) Scheme are the same as the solutions of the implicit
(where thelimsup and liminf are taken when ! 0, scheme, the convergence toward the viscosity solution
y! xand ! 0). also holds for the solutions of the semi-implicit scheme.

We recall thaF andF are de ned in section 3.2.2. ] )

In [51], we formulate a suf cient condition involving the5  Numerical algorlthms for the
consistency of the implicit “generic SFS” approximation  « : ”

scheme (with DBC) with the “generic SFS” equation (24) generic SFS prObIem

with DBC: In section 4, we have designed two monotone schemes

Proposition 5 If f4 and |y verify the hypothesegi6)- (an implicit and a semi-implicit one) approximating the
(H8), then the implicit “generic SFS” approximation‘generic SFS” equation (24). We have proved the stabil-

scheme (with DBC) is consistent with the “generic SF3ty of these schemes. We have also described suf cient
equation with DBC (equation (35) with = Hg). conditions ensuring the convergence of the solutions of

the schemes toward the unique viscosity solution of the
In the report [51], we show that the hypotheses (H6)-(H8ynsidered SFS equation. Let us remind the reader that
hold forall SFS Hamiltoniansis soon as thiatensity im-  the solutions of the implicit “generic SFS” approximation
agel is Lipschitz continuod8. Moreover, we also provescheme are the same as the solutions of the semi-implicit
there the following theorem: one. We are now going to descrilbeo iterative algo-

Theorem 6 (convergence toward the viscosity solution)ritth (an alg_orithm associated with the implicit “_generig
Let S be a monotone, uniformly stable and consisteﬁf S’ ap.p_roxw.ngtlon scheme and another assomqted with
(with equation (35)) approximation scheme. Let l}ge s.,em|?|mpl|0|t one) t_hat compute some numerical ap-
suppose that the strong uniqueness property is veri géoxmatlons of a solutiom of our schemes (for a xed

on a subseb of . Then the solutions of the scheme )-

S converge onD toward the discontinuous viscosityk _Le;zus hX > Oif = (dhlihz)- ﬁe‘_tkui n0t9<dk, f(ir
solution of (35) when | 0. in Z<, the point of coordinatefk;hs; k2h2) andQ =

fk 2 Z? such thak, 2 ~ g. We call “pixel” a pointxy in

By construction, the implicit “generic SFS” approxima- . From each “generic SFS” approximation scheme (the
tion scheme is monotone. In the previous section, weaplicit one and the semi-implicit one), we can associate
have proved that for all SFS Hamiltonians the associatad algorithm that computes for &l 2 Q a sequence of
scheme is uniformly stable (proposition 4 and 2). Alsapproximationg)y of u (X):

they are consistent as soon as the intensity inhdgé.ip- Algorithm

schitz continuous (proposition 5). Finally, we have shown o N _ o _ _

in section 3.5.3 that the strong uniqueness property holg: INitialisation (0 = 0): 8k 2 Q; Uy = uo(Xk):

as soon & the Hamiltonian is coercive with respectyio Choose the rst pixek.

25For the HamiltoniarH 2, we also need to impode> Oon’ . 2. Modi cation of U" (stepn +1): we set
27 et us recall that we assume thatloes not have critical points; see " )
the end of section 3.5.3. Ud™ =max ftjS(;x«;tU")=0g
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and we do not change the other valued: 6 k, have proved that, wheng is a subsolution or a super-
Ulr“rl = U, solution, the numerical solutions (computed with either
one of the two algorithms) converge toward the solutions
3. Choose the next pixek in such a way that all pixels of the approximation schemes. Note that this holds for
are regularly visited and go back to 2 (sinceis all intensity imaged : No regularity hypotheses are re-
bounded, the number of pixels is nite). quired. In particular, the convergence holds for discontin
o ) ) o ) uous images and images containing black shadows (i.e.
In this iterative algorithm, the initial surfaeg is a sub- ;4465 with 0 intensity). We have implemented the algo-
solution or a supersolution of the considered scheme. ms associated with the implicit “generic SFS” approx-
he_lv_e detalle_d m_sectlon 4.3 the subsolutions o_f_the IMiation scheme and with the semi-implicit “generic SFS”
plicit approximation scheme (note that the semi-impliciiyh-oximation scheme. The resulting code applies to all
algorithm starting from a subsolution is really not ef 4o 5ES Hamiltonians described in section 3.3.1. As men-
cient). In practice, when we start from a supersolutioiyneq hefore, the interest of the “generic” formulation of
we do not actually compute it. In effect a large constape sEs problems lies in the fact that the same code can
function uo with the appropriate boundary conditions ige sed to solve a variety of different problems, e.g. the
suf cient. Let us also remark tha_t _the speed of CoNnVelserspective SFS” and the “orthographic SFS” problems.
gence strongly depends on the initial surfage Experi- o, the other hand, because of this generality, we may lose
mentally we found that the speed of convergenceis m imality for a particular case.
higher when we start from a supersolution; a quantitativeFina”y, let us mention that the algorithm proposed by
comparison is found in section 6. The convergence sp%y and Tourin in [55] is the implicit algorithm ap-
also depends on the particular path used to traverse éhgd to the Eikonal Hamiltonia 21th

! : ) gika - The control-
set of pixels. In our implementation, we have chosen tigcqq algorithm proposed by Dupuis and Oliensis in [17]

strategy which consists in following the path indicated ig the semi-implicit algorithm applied to the Hamiltonian
gure 6. Slmllgr alternatmg raster scans were yet proy ot The algorithms we have proposed in [53, 52] are
posed by Danielsson [15] in the 80's and were used N . . orth pers

Rouy and Tourin [55] and Dupuis and Oliensis [16, 17 e '”.‘p"c“ algorithm applied td R=T and HP.=F » Te-
Also, even if this strategy is not optimal in the COmpu,[a_pectlvely. Therefore, from an algorithmic point of view,

tional complexity sense (see section 6.4 for more detailgcbJr work can be interpreted as a generalization and a uni-

: S . .__cation of the work of Rouy and Tourin [55], the work of

in practice it is very effective (at least on all the real i 5rados and Faugeras [53, 52] and the work of Dupuis and
ages we have tested) and it is extremely simple to im;%l_iensis [17] ug ' w upu
ment. '

As a nal remark we note that in [55, 53, 52] the au-

thors use subsolutions as initial conditions, whereas in
g .
F [17], they use supersolutions.
* ¢
g .
- Y 6 Experimental results
* > We have implemented the algorithms associated with
< F the implicit and (optimal) semi-implicit approximation

schemes for the “generic SFS” Hamiltonigty. In the
) . following subsections, we compare the results obtained
Figure 6: Alternating raster scans strategy [15, 16, 17, 5gkh our algorithms. This comparison is based on the
speed of convergence and the reconstruction error. We
We have designed two new “generic SFS” algorithnssart with the algorithms associated with the orthographic
with which we can compute numerical solutions of ea@®FS problem. In this context, we emphasize the compar-
formulation of the SFS problem. Moreover, in [51] wéson of the implicit and semi-implicit algorithms, and the
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in uence of the initial surfaceup on the speed of con-that the computed numerical approximations converge to-
vergence. We have tested our algorithms with synthetards the solution of these schemes. Figures 7 and 8
images generated by shapes with several degrees of refpow the reconstructions of smooth surfaces obtained by
larity e.g. C! (a paraboloid, a sinusoid and a smoothete implicit algorithm (associated with the Hamiltonian
vase, see gures 7, 8, 14), @° (a pyramid, see gures 9, H ,222 ) and by the semi-implicit algorithm, starting from
15), to demonstrate the ability of our method to work with subsolution and from a supersolution.
smooth and nonsmooth objects. We have also tested ousince, in practice, the combination (semi-implicit algo-
algorithms on more complicated images; for example, théhm, subsolution) is not really effective, we only show
classical Mozart's fac®; see gures 10 16 and 17. Nextthe results obtained with the other three combinations. As
we deal with the perspective SFS algorithms. In particehown in the gures we recover in these three cases al-
lar we compare the results obtained by the orthographost exactly the same surface. On the other hand the
SFS algorithms and the perspective SFS algorithms farmbers of iterations required for converging are very
synthetic perspective images. different. Globally, the number of iterations required for
In all the examples, the parameters arghe number converging with a semi-implicit algorithm is much larger
of iterations,"1; "» and"; the mean absolute errors bethan with an implicit algorithm. For example, whag is
tween the reference and reconstructed surfaces measaredpersolution, approximately 100 iterations are require
according to theL1; L, andL; norms, respectively, for obtaining the sinusoidal surface with the semi-implici
the angle of the direction of illumination with treaxis. algorithm ( gure 8-d), when only 20 iterations are suf-
We noteL = (I; ) the light vector and the focal length. cient with the implicit algorithm ( gure 8-e). Further-
According to the theory we have developed in this artirore, the number of iterations required when the approx-
cle there exist in general several viscosity solutions. iation sequence starts from a subsolution is much larger
order to have uniqueness we need to impose Dirichie@n when it starts from a supersolution. For the example
boundary conditions o® ° = @ [f x j I(x) = 1g ofthe sinusoidal surface displayed in gure 8, the implicit
(see section 3.5). This means that we must provide #lgorithm requires approximately 600 iterations for con-
“height” of the solution at the boundary of the imag®erging whenuo is a subsolution; when only 20 itera-
and at all singular points (i.e. the pixelg such that tions are required wheu is a supersolution.
I (xj ) = 1). This is one of the reasons why we present Figure 10 shows the speed of convergence of the two al-
our results on synthetic images. Note that in [53], we hagerithms for two different initial conditions, i.e. a subso
shown a reconstruction of a Halloween mask from a rdetion (except for the semi-implicit scheme, as mentioned
image. above) and a supersolution. Clearly, as shown in tables
1-3,the combination (implicit, supersolution) is the hest
) . To demonstrate the ability of our method to deal with
6.1 Experimental results in the case of “or- nonsmooth objects, we have tested our algorithms with
thographic SFS” a pyramidal surface, see gure 9. The previous remarks
) ) ) about accuracy and speed of convergence still hold for
We tested the orthographic SFS algor_|thms_W|th SyntheHanmooth surfaces.
images generated by an orthographic projection. In allye 4150 show the stability of our method with respect to
cases, we show the original object, the input image agg}, ypes of errors. The rst type is image intensity errors
the reconstructed surface. First we show that the accurgey ¢ noise. Uniformly distributed white noise has been

of the implicit algorithm is approximately the same as thajeq to all pixels of the inputimages and the correspond-

of the semi-implicit algorithm. This con rms the predicyq yeconstructed surfaces are shown, see gure 11 for the

tion of the theory that an implicit scheme and its assogiysoidal surface and 12 for the pyramidal surface. The
ated semi-implicit scheme have the same solutions, @gnal to Noise Ratio (SNR) is equal to 3.2 in gure 11

28The synthetic surfaces of the vase and of Mozart's face aecas and to 2.7 in gure 12. As seen from these gures, our

ated to the paper by Zhang et al. [64] (Computer Vision Labthef algorithms are very robust to intensity nOise’_aS also ob-
university of Central Florida). served in [55, 17]. The second type of error is due to an
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incorrect estimation of the direction of the illuminatibn [ iteration [| ", error | "1 error |

Starting with the sinusoidal object of gure 8, we show in 30 0.0379 | 0.1123
gure 13-a. that an error of roughl9 on the parameter 60 0.0244 | 0.0664
L does not affect much the reconstructed surface whereas 90 0.0178 | 0.0500
for a larger error ofL5 , the result is more distorted. We 120 0.0128 | 0.0391
continue with the pyramidal shape of gure 9; gure 13- 150 0.0086 | 0.0337
b) shows a similar trend: a small error of approximately 200 0.0032 | 0.0336

5 already affects the results and later we introduce a large
error of @ ). Our algorithms seem to be fairly robust tdable 1: Errors associated to gure 10 for the implicit
small inaccuracies in the estimation of the direction of tlggorithm starting from a subsolution.

light sourcel (Fig.13-a-1 and Fig.13-b-1). Nevertheless,

when the error grows larger, the results degrade rapidly

because some undesirable edges are created. Finally, let || iteration || "5 error | ", error ||
us remind that the robustness we have demonstrated ex- ) 0.0358 | 0.0882
perimentally here con rms the theoretical stability reisul 16 0.0157 | 0.0562
proved in section 3.6. 24 0.0086 | 0.0390
32 0.0058 | 0.0335
. . “ 40 0.0042 | 0.0335
6.2 Experimental results in the case of “per- 78 00033 | 0.0335

spective SFS”

] ) ) Table 2: Errors associated to gure 10 for the semi-
We have tested the perspective algorithms with Synthqﬂ‘fplicit algorithm starting from a supersolution.
images generated by using a perspective projection. The

previous remarks about the speed of convergence of the
orthographic SFS algorithms still hold for the perspective
SFS algorithms. In the following results, the solutiorgirection of illuminationL (see gure 18-a). The third

are computed with the implicit algorithm associated witlype of error is due to an incorrect estimation of the focal
the HamiltonianH F%F starting from a subsolution ( g- length (see gure 18-b). As seen from these gures, the
ures 14, 15 and 16) or from a supersolution ( gures Jalgorithms are quite robust to intensity noise; they are als
and 18). In gures 14, 15 and 16, we show the originabbust to small inaccuracies in the light and focal parame-
object, the input image, the surface reconstructed by egrs. But large errors on these parameters create some
“perspective algorithm” and the surface reconstructed Bpurious edges.

the “orthographic algorithm”. We denotehe ratio of the
focal length and object distance (the object distance is the
mean distance of the points on the surface to the optical

center). Notice that, as soon as the ratigrows larger [ iteration [| "5 error [ "y error |
than 1.5, the “orthographic algorithm” produces impor- 4 0.0046 | 0.0432
tant errors whereas the quality of the results obtained by 8 0.0034 | 0.0333
the "perspective algorithm” are very good (see gures 14, 12 0.0032 | 0.0336
15 and 16). This shows the importance of taking into ac- 16 0.0032 | 0.0336
count the perspective distortion in the SFS problem. 20 0.0032 | 0.0336
As for the orthographic algorithms, we demonstrate the 24 0.0032 | 0.0336
stability of the perspective SFS algorithms with respect to 28 0.0032 | 0.0336

various types of errors. The rst type is due to noise in
the image intensity (see gure 17, SNR3:7). The sec- Table 3: Errors associated to gure 10 for the implicit
ond type of error is due to an incorrect estimation of tidgorithm starting from a supersolution.
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a) b) c) d) e)

Figure 7: Results for a synthetic image of a paraboloiddbsersampled on32 32grid withl =(0;0)( ' 0): a)
original surface (groundtruth), b) original image, c) s reconstructed from b) with the implicit algorithm stagt
from a subsolutionn = 18, "; = 0:0015 ", = 0:0018 "; = 0:002Z d) surface reconstructed from b) with the
semi-implicit algorithm starting from a supersolution= 15, "; = 0:0014 ", = 0:0016 "; = 0:002Q e) surface
reconstructed from b) with the implicit algorithm startifrpm a supersolutionn =5, "; = 0:0015 ", = 0:0018

"1 =0:0020

a) b) c) d) e)

Figure 8: Results for a synthetic image of a sinusoidal sersampled on 200 200 grid with | = (0:1; 0:3)
(' 185): a) original surface, b) original image, c) surface ret¢arged from b) with the implicit algorithm
starting from a subsolutiomn ' 700, "; = 0:003902 ", = 0:005762"; = 0:0074Q d) surface reconstructed
from b) with the semi-implicit algorithm starting from a sergolution:n * 120, "; = 0:00390Q", = 0:005762
"1 = 0:00747 e) surface reconstructed from b) with the implicit alglonit starting from a supersolution:* 25,
"1 =0:003905", =0:005768"; =0:00747%

Figure 9: Results for a synthetic image of a pyramidal serfs@mpled on a grid of siZ00 200with | = (0:5; 0:3)

( ' 356 ): a)original surface, b) original image, c) surface re¢ared from b) with the implicit algorithm starting
from a subsolutionn ' 100Q"; =8:461e 05", =1:6116 04,"; =9:40e 04 d) surface reconstructed from
b) with the semi-implicit algorithm starting from a supdrgomn: n ' 110 "; = 8:461e 05", = 1:6116 04,
"1 =9:40e 04 e) surface reconstructed from b) with the implicit algionit starting from a supersolution:' 50,
"1 =8:461e 05", =1:6116 04,"; =9:40e 04

22



c-1)n =30 c-2)n =60 c-3)n =120 c-4)n =150

d-1)n=8 d-2)n =16 d-3)n =24 d-4)n =40

b)

e-1)n=4 e-2)n=8 e-3)n =12 e-4)n =16

Figure 10: Experimental results obtained with the impfsgmi-implicit algorithms starting from a subsolu-
tion/supersolution, for a synthetic image representingzdfts face: a) Original surface of size 150 150,

b) synthetic image generated from the original surface & Wwi= (0:2;0:1) ( ' 13); c-1) to c-4) surfacdJ"”
recontructed with the implicit algorithm starting from abselution at then" iteration forn = 30, n = 60, n = 120
andn = 150, respectively; d-1) to d-4) surfadg" recontructed with the semi-implicit algorithm startingrin a
supersolution at the™ iteration forn = 8, n = 16, n = 24 andn = 40, respectively; e-1) to e-4) surfats”
recontructed with the implicit algorithm starting from apsusolution at the™ iteration forn =4, n =8, n = 12
andn = 16, respectively. The corresponding reconstruction erra@shown in tables 1-3.

a) b) c) d) e)

Figure 11: Results for aocisyimage of a sinusoidal surface sampled 0208 200grid with | = (0:1;0:3) (
185 ). a) Original surface, b) original image, c) roisy image; regonstructed surface from bjt * 25, ";
0:003905", = 0:005768"1 =0:00747 e) reconstructed surface from ¢);' 30,"; =0:003905", = 0:005766
"1 =0:00748
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a) b) c) d) e)

Figure 12: Results for aoisyimage of a pyramidal surface sampled o2@0 200 grid with | = (0:5;0:3)
( = 35:6). a) Original surface, b) original image, c) noisy image; sdjface reconstructed from bjx ' 50,
"1 =8:461e 05", =1:6116 04,"; =9:400k 04 e) surface reconstructed from €)' 50,"; = 0:00467,

"5 =0:00916"; =0:044

a-1) a-2) b-1) b-2)

Figure 13: Sinusoidal (respectively pyramidal) surfacegofre 8 (respectively of gure 9) reconstructed from the
image Fig.8-b) (respectively from Fig.9-b) with an error e light parametet.. The light parameter used for
obtaining the image 8-b) wds= (0:1; 0:3) (respectivel = (0:5;0:3)). a-1) sinusoidal surface reconstructed
withl = (0:0;0:3) (" ' 93 ): n"' 40, "; = 0:0171 ", = 0:0314 "; = 0:0729 a-2) sinusoidal surface
reconstructed with = (0:3;0:2) (" ' 154 ):n' 35"; =0:0394", =0:0684 "; = 0:142 b-1) pyramidal
surface reconstructed with= (0:3;0:2) (" ' 53 ). n' 40 "; = 0:0407 ", = 0:0556 "; = 0:177, b-2)
pyramidal surface reconstructed witkr (0:4;0:4) (" ' 88 ):n' 40,"; =0:0251,",=0:0334"; =0:103

a) b) c) d)

Figure 14: “Perspective SFS” results for an image of a smeotface (computed by the implicit algorithm starting
from a subsolution): a) original surface, b) original imadé = (0:2;0:2), r = 2:5, size128 128), c) surface
reconstructed from b) by the “perspective algorithm”?  100Q "; = 0:0041, ", = 0:0048 "; = 0:00814 d)
surface reconstructed from b) by the “orthographic algponit n* 100Q "; = 0:0201,", =0:031,"; =0:035
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a) b) c) d)

Figure 15: “Perspective SFS” results for an image of a pydahsurface (computed by the implicit algorithm starting
from a subsolution): a) original surface, b) original imgge (0:2;0:2),r = 2:1, size= 100 100, c) surface
reconstructed from b) by the “perspective algorithm™ 76, "; * 0:00015", ' 0:0009 "; ' 0:0011Q d)
surface reconstructed from b) by the “orthographic algponit n ="' 83,"; =0:063 ", =0:130,"; =0:135

a) b) c) d)

Figure 16: “Perspective SFS” results for an image of Mogddtce (computed by the implicit algorithm starting
from a subsolution): a) original surface, b) original image (0:1;0:1),r 1.6, size= 128 128), c) surface
reconstructed from b) by the “perspective algorithm™ 4000 "; ' 0:00255", ' 0:00414976"; ' 0:012 d)
surface reconstructed from b) by the “orthographic algponit n* 5000 "; =0:0495", =0:1187, "1 =0:20;

a) b) c) d) e)

Figure 17: “Perspective SFS” results for an image of Mogdaite corrupted by a uniformly distributed noise (Size of
the grid’ 200 200 light parametert = (0:1;0:3), =18:4 ,focallength:f = 4). a) Original surface, b) original
image, c) noisy image; d) surface reconstructed frormb): 5, "; = 0:00197 ", = 0:00338"; = 0:0072% e)
surface reconstructed from ¢);' 7,"; =0:00247", =0:0045Q"; =0:0116
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a-1) a-2) b-1) b-2)

Figure 18: “Perspective SFS” results for Mozart's face afirg 17-a) reconstructed with an error on the light parameter
| (respectively on the focal length parameter  The light parametel used for synthesizing image 17-b)lis

(0:1; 0:3) and the focal length parameteris equal to 5. a-1) Result obtained with the corrupted patanhe=
(0:3;0:3); n 10("1 = 0:0131,", = 0:0244 "; = 0:0466. a-2) Result obtained with the corrupted parameter
[ =(0:2;0:5);n 10("1 =0:0226", =0:0396"; = 0:0547. b-1) Result obtained with the corrupted focal
lengthf =4;n"' 6. b-2) Result obtained with the corrupted focal lengtk 6;n 6.

6.3 Cases of degeneracy have not found a solution during the updating with the
o o oh implicit algorithm.

By considering for example the Hamiltoni&fRiy , one | ot 5 emphasize the fact that, even when we do not
can verify that, in a neighbourhood of a singular point, thse any of these three strategies (for example when we do
equation int associated to thieplicit SFS scheme not nd a solution of (36) we can simply not update the
current value), these rare and undesirable events do not
affect the overall quality of the reconstruction at the othe

is almost degenerate, i.e. may not have any solutions (gomts. This shows again the very nice stability properties

e )
[51] for more details). This is true of all schemes arisin%?Our algorithms.

form the generic Hamiltoniai y and is due to the fact
that we are computing the zero-crossings of parabola-llked What about other approaches?
curve; when the intensity is equal to 1 this curve is aImQF

tangent to the horizontal axis and the roots become un?}geegazzgl ?suzirlggyzﬁrﬁlﬁgrg&%zch,lft rlhaiusrepzdpyefuis

ble. The implication of this observation is that if we areFown in gures 10, 17 and 18 the (“generic SFS”) im-
i

; i L . S
not careful when solving equation (36), it is possible thaj icit algorithm (starting from a supersolution) returirs,

numerically we do not obtain any solutions (38)even P : .
if theorically there exists a solution). most of our examples, quite good results after only four it-

. erations (very often, the solutions returned after only two
In order to combat this problem we have used three . . . . .
. L . . Or three iterations are visually quite good). This should
strategies. First, instead of solving the equation (36), we : . :
) S A not come as a surprise since, as pointed out at the end of
can compute the valutewhich minimizesS( ;x j ;t; U).
Second, we can change slightly the values of the inten
image, and introduce the imagesuch that - (x) = 1 (x)
ifI(x) <1 "andl-(x) =1 " otherwise (for som
small" > 0). The idea consisting in using instead ofl

S(;xij;tU)=0 (36)

sS|teCti0n 5, our implicit algorithms generalize that of Rouy

ANd Tourin [55] and our semi-implicit algorithms gener-

o alize that of Dupuis and Oliensis [17]. In the literature
these algorithms are often acknowledged as being one of

has been already used by Horn [25], Kimmel and Bruc‘<h-e most ef cient and accurate of the SFS literature.

. . As pointed out in section 5 our algorithms are itera-
stein [35] and F.alcone et a.ll.' [8].' .Thlrd,_we can updaht\a/e and their convergence speed strongly depends on the
the values ofJ with the semi-implicit algorithm when we

chosen paths ordering the updates. In our implementa-
29 et us note that, in practice, we have been rarely confrotetedis 10N We have useq alternating raster scans [1_51 17]. These
situation. scans are not optimal (because they are arbitrary with re-
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spect to the characteristics of the solution) and the methawis areas (as does the algorithm proposed by Falcone [23]
can be improved by tracing directly the characteristidgr the “orthographic SFS”), see gures 19 and 20.
as been done by Sethian et al. [57, 36] (this will be theFinally the stability of our approximation schemes and
concern of a furthcoming paper). This techniques woulle convergence of the numerical solutions computed by
allow to decrease the computational complexity by om@r algorithmshold even when the image contains dis-
order of magnitude@(n) instead ofO(n?)). Let us re- continuities and black shadoywaven though the theory of
mind that our generic implicit scheme is an extension viscosity solutions does not yet apply to this case, see the
the scheme used by Sethian in the Fast Marching Methethark at the end of section 4.3. As an illustration of this,
for the eikonal equation [57]. the pyramid example displayed in gures 9, 12 and 15
shows the ability of our numerical algorithms to deal with

) ] o discontinuous images while gure 20 shows their ability

7 Pushing things to the limit: SFS to deal with black shadows.

with discontinuous images and
black shadows RN

Among the dif culties encountered when attempting to
solve the SFS problem, the intensity discontinuities such
as those caused by black shadows are among the most
dif cult to deal with. Despite the fact that the notion of a)
viscosity solutions provides a natural framework for de
ing with non smooth surfac&s(with edges)this theory
does not yet apply to discontinuous imageggnd hence
to black shadows). Technically, when the Hamiltonian is
discontinuous with respect to the space variab{erhich
is the case in SFS when the intensity image is discontin- .
uous), the main dif culty is the loss of uniqueness of th8 Conclusion
viscosity solution. Note that, in the particular case of the
black shadows, this dif culty is increased by the loss diVe have presented a complete mathematical and algorith-
coercivity of the Hamiltonian. mic study of the “orthographic” and “perspective SFS”
In order to deal with black shadows, Lions et al. [43}roblems. In detail: 1) We have proposed new for-
do not “recover” surfaces in the areas®intensity and mulations of the SFS problem by modeling the camera
pose the problem in terms of boundary conditions. Thisas a pinhole (performing a perspective rather than ortho-
not necessary since, as noted in [23], in the black shad@wgphic projection). The scene can be illuminated by a
areas the surface formed by the rays of light grazing tai@gle point light source located at in nity or at the opti-
solution surface, verify the irradiance equation, see egueal center of the camera. This extends the SFS methods to
19. Thus, for recovering a solution, we do not need, awre realistic image acquisition models. These formula-
in [42], to separate the “shading areas” and the “shadtians lead to new PDEs which allow to develop a complete
areas” and in gener&lour generic algorithm graciouslymathematical study of the problem.  2) By using the the-
computes approximations of the exact solutions in shaaty of viscosity solutions, we have proved the existence
ing areas and the grazing rays of light in the black shag&ihd characterized the solutions of the “orthographic” and
“perspective SFS” problems. In particular, this allows us
z(l)\ﬁSCQSiW solutions are weak (i.e. non differentiable)usions. to choose a particular solution of interest before start-
_*Leaning on some recent work [47, 32, 58, 10] on the Eikonakedy, o 1 produce numerical results. 3) By introduc-
tion we are working on the removing of this limitation. . . . . .
32If e assume that the singular points and the boundary ofage INJ & “generic” Hamiltonian, we have uni ed the “ortho-
are not covered by the shadows. graphic” and “perspective SFS” problems, and simpli ed

aIé-igure 19: a) Original surfaag b) Solution computed by
our and Falcone's algorithms [23].
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a) b) c) d)

Figure 20: Example of a reconstruction from an image witltklshadows: the case of a "Mexican hat” (Size of
the image’ 1000 100Q result computed by the implicit algorithm starting fromwpsersolution: n < 90.).

a) Original surface (the direction of the visualisatiorhligs (0; 0; 1)) and is different fronL; b) Synthetic image
computed from the surface a) with = (0:8; 0:0; 0:6) (the angle between the light directibnand the camera axis
is around53 ); c) Solution recovered by our algorithm from the image bg(tirection of the visualisation light is
(0;0;1)); d) Surface c) illuminated by a light of directigf:8; 0:0; 0:6).

a) b) c)

Figure 21:a) Real face image [siZe 450 600]; b-c) surface recovered from a) by our generic algorithrthwhe perspective
model with the light source located at the optical centehwibne-point Dirichlet boundary condition.
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the formalism. We have designed two “generic” approxf7] F. Camilli. A characterization of the value function for a
imation schemes which approximate the “generic SFS”
equation. From these approximation schemes we have
obtained two “generic SFS” algorithms. Each “generid8]
SFS” algorithm can be used to solve numerically the vari-
ous formulations of the SFS problem. Moreover, we have
proved the convergence of the numerical solutions com-
puted by our algorithms toward the viscosity solutions of9]
the considered SFS problem. 4) Our algorithms are ro-

bust
ters.

to pixel noise and to the errors made on the parame-
5) They can deal with discontinuous images aH@]

images containing black shadows. We have proved the
stability of our SFS approximation schemes and the con-
vergence of our SFS algorithms with such images. We &t
extending our approach to be able to remove the require-
ment for the knowledge of the boundary data (Dirichlet

conditions at the singular points and on the boundary[é'J?]
the image) and for recovering non Lambertian surfaces.

To give a avor of what could be achievable gure 21

shows the surface recovered by our generic algorithm (IE

ter 5 iterations) with the perspective model with a poi

light

sent to in nity all the points on the boundary of the imag

and

which we have speci ed a “reasonable” depth.

source at the optical center. In this example, we have
W

[15]

all the singular points except the one on the nos
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