INSTITUT NATIONAL DE RECHERCHE EN INFORMATIQUE ET EN AUTOMATIQUE

Algebraic Relations among Matching Constraints of Multiple Images

Long Quan

No 3345

1998

THÈME 3

Algebraic Relations among Matching Constraints of Multiple Images

Long Quan

Thème 3 — Interaction homme-machine, images, données, connaissances Projet MOVI

Rapport de recherche n˚3345 — 1998 — 11 pages

Abstract: Given a set of n ≥ 2 uncalibrated views, for any corresponding point across n views, there exist three types of matching constraints: bilinear constraints (for n ≥ 2), trilinear constraints (for n ≥ 3, [12]) and quadrilinear constraints (for n ≥ 4, [6, 14, 3]). The exact algebraic relations among these multi-linear constraints have not been elucidated by previous authors. This paper examines the relations between these matching constraints by singling out the degenerate view and point configurations. The key result that will be established is that for generic view configurations and generic points, all multi-linear constraints may algebraically be reduced to the algebraically independent bilinear constraints. In other words, all matching constraints are contained in the ideal generated only by the bilinear constraints for generic views and points. As a consequence, 2n − 3 algebraically independent bilinearities from pairs of views completely describe the algebraic/geometric structure of n uncalibrated views for generic views and points. For degenerate points of generic views, each type of constraint reduces differently. The exact reduced form of the matching constraints are also made explicit by computer algebra.

Key-words: geometry, invariant, epipolar geometry, bilinearity, trilinear ity, uncalibrated image.

(Résumé : tsvp)

Unité de recherche INRIA Rhône-Alpes 655, avenue de l’Europe, 38330 MONTBONNOT ST MARTIN (France) Téléphone : 04 76 61 52 00 - International: +33 4 76 61 52 00 Télécopie : 04 76 61 52 52 - International: +33 4 76 61 52 52

Relations algébriques entre les contraintes géométriques d’images multiples

Résumé : Il est connu qu’il existe 3 types de contraintes géométriques pour les points en correspondence dans les images multiples: relations bilinéaires, trilinéaires et quadrilinéaires. Nous démontrons que toutes les relations multilinéaires se re’duisent en relations bilinéaires pour les configurations générales des points et des caméras. Les formes réduites et exactes des relations trilinéaires sont aussi exhibées par le calcul symbolique pour les points en configurations dégénérées et les caméras en configurations générales.

Mots-clé : géométrie, géométrie épipolaire, bilinéarité, trilinéarité, caméra non-calibrée

1 Introduction

Recently, a number of works have been concentrated on the analysis of multiple uncalibrated images [2, 7, 10, 11]. Thanks to the pioneering work of Shashua [12], Hartley [6], Triggs [14], Faugeras and Mourrain [3, 4], Luong and Vieville [9, 15] and Werman and Shashua [16] on the study of the geometric relationships between different uncalibrated views, it has been shown that there are only three types of algebraic relations on image points between any uncalibrated views: Bilinearities for two views, trilinearities for three views and quadrilinearities for four or more. It has also been well established that quadrilinearities are not independent; they can be generated from (independent) trilinearities and bilinearities [14, 3] and further more bilinearities can be generated by trilinearities. However it is unclear if trilinearities can be generated by (independent) bilinearities. In [14], by geometric arguments, it is suggested that the trilinearities are generated by the bilinearities. In this paper, the exact relations among those multi-linear constraints will be studied. One key idea is to introduce the generic/degenerate view configurations and point configurations and make distinctions between these two different kinds of degenerate configurations. This allows us to establish that all trilinearities follow the bilinearities for generic point and view configurations. Therefore, it can be concluded that all multi-linear constraints may be reduced to the independent bilinearities. For degenerate points, all constraints are reduced, and we will give the exact reduced forms of the matching constraints.

This paper is organised as follows. Section 2 reviews the derivations of multi-linear constraints. Then the case of three views will be studied in detail in Section 3 in which some major results will also be presented. After that, Section 4 basically extends the resuls of three views to the general n view case. Finally, some concluding remarks are given in Section 5.

2 Derivation of multi-linear matching constraints: review

Following the general formalism proposed by Faugeras [3] and Triggs [14] for deriving the algebraic relations among views, the multi-linear constraints may be derived as follows. For each view, consider a point x^T = (x, y, z, t)^T in P^3 projected onto a point u^T = (u, v, w)^T in P^2 by a 3 × 4 matrix P_{3×4} = (p_{ij} ) as λ(u, v, w)^T = P_{3×4}(x, y, z, t)^T , (1) for short, u^T = P_{3×4}x^T . Then equation (1) can be rewritten in terms of x as ( up^T_3 − wp^T_1 vp^T_3 − wp^T_2 ) x = 0,

where (p^T_1 p^T_2 p^T_3 )^T = P_{3×4}.

RR n˚3345

Now, taking P_1 = (a_{ij} ), P_2 = (b_{ij} ), P_3 = (c_{ij} ), . . ., as projection matrices for n views, we obtain

G_{2n×4}x^T = u_1a^T_3 − w_1a^T_1 v_1a^T_3 − w_1a^T_2 u_2b^T_3 − w_2b^T_1 v_2b^T_3 − w_2b^T_2 u_3c^T_3 − w_3c^T_1 v_3c^T_3 − w_3c^T_2 . . .

x^T = 0.

This corresponds to what Triggs called the reduced reconstruction equation. All matching constraints come from the fact that the matrix is of rank three. This is equivalent to saying that all 4 × 4 determinants of G_{2n×4} are vanishing. Let [ijkl] denote the 4 by 4 determinant of i, j, , k, l-th row vectors of G_{2n×4}. All these determinants may be divided into three classes each of which gives one type of constraint, for more details, cf. [14, 3].

For instance, in the case of three views, we have 3 bilinearities which involve only two views by taking two rows from the same view:

B = {bb_1 = [1234], bb_2 = [1256], bb_3 = [3456]}

and 12 trilinearities which involve three views:

T = T_1 ⋃ T_2 ⋃ T_3,

where

T_1 = {tt_1 = [1235], tt_2 = [1236], tt_3 = [1245], tt_4 = [1246]}, T_2 = {tt_5 = [3415], tt_6 = [3416], tt_7 = [3425], tt_8 = [3426]}, T_3 = {tt_9 = [5613], tt_{10} = [5614], tt_{11} = [5623], tt_{12} = [5624]}.

The 4 trilinearities of T_1 are initially proposed by Shashua [12], which are linearly independent. When more than 4 views are given, by taking each row from a different view, we obtain the quadrilinear constraints, for instance, one example may be given as qq_1 = [1357]. We denote all quadrilinearities by Q = {qq_1, . . .}.

In the remaining of the paper, an ideal generated by a set of polynomials S = {s_1, s_2, . . . , s_n} is denoted as I_S =< s_1, s_2, . . . , s_n >.

Before giving some general results, we will first study the case of three views, therefore the relationship beween bilinearities and trilinearities, then with the same idea, we extend this to the general n view case.

INRIA

3 Three views: Relation between bilinearities and trilinearities

All possible matching constraints of three views are generated by the bilinearities and trilinearities. Obviously, not all of them are algebraically independent. There exist quite complicated algebraic relations among the minors as explicated in [13]. It is known as the syzygy ideal if we consider the polynomial ring IR[g_{ij} ]. Note that we are considering the constraints in the ring IR[a_{ij} , b_{ij} , c_{ij} , u_1, u_2, u_3] which is slightly different.

It is widely accepted [12, 14, 3] that the bilinearities can be generally generated by the trilinearities and it is expected that the trilinearities might be generally generated by the bilinearities. However the exact relationship between them remains unclear. It is the main purpose of this section to clarify some aspects of their relationship.

In the polynomial ring IR[a_{ij} , b_{ij} , c_{ij} , u_1, u_2, u_3], abbreviated to IR[·] in the following, when considering all constraints generated by B and T , we are to deal with the ideal I =< B, T > generated by B and T and look for a kind of minimal generating set for the ideal of all constraints.

It can be shown firstly that all constraints of three views are minimally generated by 3 independent constraints in general cases. This can be easily proved as follows: A general 6 × 4 matrix of full rank has 6 × 4 d.o.f. (degrees of freedom) and a general 6 × 4 matrix of rank 3 has only 3 × 6 + 3 d.o.f., so the constraints can form only a space of dimension 3 = 4 × 6 − (3 × 6 + 3).

This suggests that all constraints might be minimally generated by the three bilinearities bb_1, bb_2, bb_3 if they are algebraically independent over IR(a_{ij} , b_{ij} , c_{ij} ). In the following proposition, we will show that this is almost true except for some degenerate cases. Here we stress the distinction between the degenerate cases of points and the degenerate cases of views. This distinction is crucial for the later clarification of the relations among the constraints.

3.1 Degenerate View/point configurations

The degenerate case of points corresponds to the fact that the viewing positions of cameras are in a general configuration, and the points lie in a special situation. For instance, the points in space lie on the trifocal plane. Algebraically this corresponds to work over the polynomial ring IR(a_{ij} , b_{ij} , c_{ij} )[u_1, u_2, u_3] in which we allow denominators depending only on the a_{ij} , b_{ij} and c_{ij} . That is, u_i are variables and a_{ij} , b_{ij} , c_{ij} are independent parameters, or the coefficients of polynomials in u_1, u_2 and u_3 are in IR(a_{ij} , b_{ij} , c_{ij} ) instead of IR.

The degenerate case of views corresponds to the fact that the points are general, not lying in any special configurations and the configuration of viewing positions is special. For instance, the three projection centers are collinear. This corresponds to work over the polynomial ring IR[a_{ij} , b_{ij} , c_{ij} , u_1, u_2, u_3], so all a_{ij} , b_{ij} , c_{ij} and u_i are considered as variables.

RR n˚3345

In the following sections, we will restrict ourselves to IR(a_{ij} , b_{ij} , c_{ij} )[u_1, u_2, u_3] for simplicity of computation. Therefore the degenerate cases of views are not considered in this section and will be discussed later.

3.2 Generic points

In this section, without explicit mention, view configurations are considered to be generic.

3.2.1 Bilinearities ⇒ trilinearities

Proposition 1 For any generic point, all trilinear constraints T are contained in the ideal I_B generated by three algebraically independent bilinear constraints B, i.e. all matching constraints of a generic point of three views are contained in the ideal I_B .

Geometrically, this can be restated as, for the generic points u_1, u_2, u_3 not lying on the tripolar lines, all trilinear constraints of three views are minimally generated by the three epipolar constraints (which are algebraically independent for generic views and points). In other words, the trilinearities are no longer algebraically independent given the bilinear constraints, they are just polynomial consequences of the bilinear ones.

Proof: To prove this proposition, let us generate the trilinearities from the bilineatities by doing some computer algebra. With a computer algebra system, for instance Maple, one can easily check the following results:

Res_{v2} (bb_1, Res_{v3} (bb_2, bb_3)) = g_1tt_1, (2) Res_{u2} (bb_1, Res_{v3} (bb_2, bb_3)) = g_1tt_2, Res_{v2} (bb_1, Res_{u3} (bb_2, bb_3)) = g_1tt_3, Res_{u2} (bb_1, Res_{u3} (bb_2, bb_3)) = g_1tt_4,

where Res_x(a, b) means the resultant of the polynomials a(x) and b(x) with respect to the variable x. Recall that Res_x(a, b), eliminates the variable x and generates a polynomial which still belongs to the ideal generated by a and b.

The extra polynomial g_1 appearing in (2) is linear in u_1: l_1u_1 + l_2v_1 + l_3w_1 with coefficients in IR[a_{ij} , b_{ij} , c_{ij} ]. This proves

g_1tt_i = ∑ f_j bb_j ∈ I_B =< bb_1, bb_2, bb_3 > for i = 1, . . . , 4.

Continuing in this way, we may obtain the following similar formulae:

INRIA

Res_{v1} (bb_1, Res_{v3} (bb_2, bb_3)) = g_2tt_5, (3) Res_{u1} (bb_1, Res_{v3} (bb_2, bb_3)) = g_2tt_6, Res_{v1} (bb_1, Res_{u3} (bb_2, bb_3)) = g_2tt_7, Res_{u1} (bb_1, Res_{u3} (bb_2, bb_3)) = g_2tt_8, and

Res_{v1} (bb_2, Res_{v2} (bb_1, bb_3)) = g_3tt_9 , (4) Res_{u1} (bb_2, Res_{v2} (bb_1, bb_3)) = g_3tt_{10}, Res_{v1} (bb_2, Res_{u2} (bb_1, bb_3)) = g_3tt_{11}, Res_{u1} (bb_2, Res_{u2} (bb_1, bb_3)) = g_3tt_{12}.

As a direct consequence of the above computation, we see that

g_2tt_i = ∑ f_j bb_j ∈ I_B for i = 5, . . . , 8, g_3tt_i = ∑ f_j bb_j ∈ I_B for i = 9, . . . , 12.

In summary, we have g_itt_j ∈ I_B for i = 1, . . . , 4 and j = 4i − 3, . . . , 4i.

It means that the trilinearities are almost contained in I_B except for g_i = 0. Now, the key observation that can be made from the above algebraic development is that the polynomial factors g_i relating the bilinear bb_i and trilinear constraints tt_i are geometrically well defined. The vanishing of each g_i, g_i = 0, describes a linear variety which is nothing but the tripolar line in each image! As the epipolar line in the i-th view is given by l_i = (P_iKer(P_j ) × P_iKer(P_k))^T u_i, it is easy to verify that g_i ≡ l_i. The set of degenerate points are therefore completely described by the polynomial g = g_1g_2g_3 = 0.

For any generic point, i.e. g ≠ 0, it is straightforward that tt_i ∈ I_B . Thus Proposition 1 is proved.

RR n˚3345

3.3 Degenerate points

Let examine what happens for degenerate points with generic views.

Proposition 2 For any degenerate point, each bilinear constraint bb_i is reduced to a linear one g_i and all trilinearities T are reduced to a unique r in reduced form which relates only one coordinate of the same image point across three views. In this case, all constraints are contained in the ideal I_R generated by the three linearities and the reduced trilinearity < g_1, g_2, g_3, r >.

Geometrically, the reduction of the bilinearities is evident, however, that of the trilinearities needs more symbolic manipulation.

First, it is easy to verify that {g_i} is a Grobner basis for I_G =< g_1, g_2, g_3 >. Then:

Lemma 1 bb_i = 0 for i = 1, 2, 3 and g_i = 0 ⇒ g_j = 0 for j ≠ i.

Proof: We have immediately h_1g_2 ∈< bb_1, g_1 > and h_2g_3 ∈< bb_2, g_1 >, where h_1 = mv_1 + nw_1 and h_2 = m^′v_1 + n^′w_1 are generally not vanishing. Geometrically, this lemma means that if the image point lies on the tripolar line in one image, so does its correspondence in the other images.

Now we need to prove the two following lemmas which will complete the proof of the proposition:

Lemma 2 If g = 0, then bb_i ≡ 0 modulo I_G for i = 1, 2, 3.

Proof: It means that in the degenerate case of points, I_B ⊂ I_G, the bilinearities are reduced to the linearities. This can be easily checked using any Grobner basis package.

Lemma 3 If g = 0, then tt_i ≡ r modulo I_G for i = 1, . . . 12, where r is a reduced trilinearity.

Proof: This lemma states that for the image points lying on the tripolar lines, all trilinearities are equivalent to r (the standard representation) modulo I_G, that is r ≡ tt_imodI_G for i = 1, . . . , 12. This may be proved by using the normal form reduction with respect to a given basis of an ideal (for instance, the functions available under Maple).

The polynomial r is a reduced trilinearity with 8 terms instead of 12 terms and relates only one non-homogeneous coordinate of the same image point across three views. It is unique for a given term ordering and may have different forms for different term ordering. For example,

r = α_1u_1u_2u_3 + α_2u_1u_2w_3 + α_3u_2u_3w_1 + α_4u_1u_3w_2 + α_5u_1w_2w_3 + α_6u_2w_1w_3 + α_7u_3w_1w_2 + α_8w_1w_2w_3 (5)

INRIA

for the variables ordered as v_1, v_2, v_3, u_1, u_2, u_3, w_1, w_2, w_3.

3.4 Application to the transfer problem

Among other important applications of these constraints [5, 12, 6], one is that a new (third) image can be predicted provided two images and a number of correspondence points across three views have been established a priori.

Using the epipolar geometries to do the transfer [1, 8, 17] corresponds to using the bilinearities bb_1, bb_2, bb_3 to get the trilinearities of a form with 18 terms. Shashua’s trilinearities can also be naturally used to do transfer as suggested in [12]. It is known from these authors that the epipolar transfer fails either when the points lie on the trifocal plane or when the projection centers of three views are collinear. In fact, the nature of these two degenerate cases is different, the first one corresponds to degenerate points of generic views and the second the degenerate views of generic points. It is clear that we need the reduced trilinearity to handle the case of degenerate points. For degenerate views, some discussion will be given in Section 5.

4 n views

For general n ≥ 4 views, there are additional quadrilinearities. It is already known [3, 14] that the quadrilinearities are completely contained in the ideal generated by the bilinearities and the trilinearities. Therefore, we extend the definition of the degenerate points to the general n view case as all those points lying on trifocal planes, defined by any three nonaligned projection centers. Then the following extension to the previous results follows directly as:

Proposition 3 For any generic point, all matching constraints are contained in the ideal I generated by the 2n−3 algebraically independent bilinear constraints < bb_1, bb_2, . . . , bb_{2n−3} >; for any degenerate point, the ideal is generated by the linearities and the reduced trilinearities.

5 Discussion

This paper clarifies the algebraic relations among the multi-linear matching constraints of n views, especially the relations between the bilinearities and the trilinearities. Though primarily theoritical, it is of practical importance in guiding the uses of the matching constraints.

The exact algebraic relations among the bilinearities, the trilinearities and the quadrilinearities for generic view configurations are established in this paper both for generic and degenerate points. However, the degenerate view configurations are not examined in this paper. It seems [4] that the trilinearities will handle the degenerate view configurations.

RR n˚3345

The case where the three projection centers are collinear gives an example of degenerate view configuration in which it is obvious that the three bilinearities are algebraically dependent. Theoreitically there is no difficulty in algebraically characterising this situation, as it suffices to consider the polynomial ring IR[a_{ij} , b_{ij} , c_{ij} , u_1, u_2, u_3], with relations among the a_{ij} , b_{ij} , c_{ij} , or in other words, the a_{ij} , b_{ij} , c_{ij} not being independent parameters. However in practice this is very memory consuming, and is still under investigation.

Acknowledgement

We would like to thank DongMing Wang for many interesting discussions and helps on algebraic geometry and computer algebra. This note benefits also from the discussions with R. Mohr and B. Triggs. This work was conducted in 1995 and was partly supported by European Esprit BRA projects Viva which is acknowledged.

References

[1] E.B. Barrett, M.H. Brill, N.N. Haag, and P.M. Payton. Invariant linear methods in photogrammetry and model-matching. In J. Mundy and A. Zisserman, editors, Geometric Invariance in Computer Vision, pages 277–292. The MIT press, 1992.

[2] O. Faugeras. What can be seen in three dimensions with an uncalibrated stereo rig? In G. Sandini, editor, Proceedings of the 2nd European Conference on Computer Vision, Santa Margherita Ligure, Italy, pages 563–578. Springer-Verlag, May 1992.

[3] O. Faugeras and B. Mourrain. On the geometry and algebra of the point and line correspondences between N images. In Proceedings of the 5th International Conference on Computer Vision, Cambridge, Massachusetts, USA, 1995.

[4] O. Faugeras and B. Mourrain. About the correspondence of points between N images.

In Proceedings of IEEE Workshop on Representations of Visual Scenes, Cambridge, Massachusetts, USA, June 1995. to appear.

[5] O.D. Faugeras, Q.T. Luong, and S.J. Maybank. Camera Self-Calibration: Theory and Experiments. In G. Sandini, editor, Proceedings of the 2nd European Conference on Computer Vision, Santa Margherita Ligure, Italy, pages 321–334. Springer-Verlag, May 1992.

[6] R. Hartley. Lines and Points in Three Views - An Integrated Approach. Technical report, G.E. CRD, 1994.

[7] R. Hartley, R. Gupta, and T. Chang. Stereo from uncalibrated cameras. In Proceedings of the Conference on Computer Vision and Pattern Recognition, Urbana-Champaign, Illinois, USA, pages 761–764, 1992.

INRIA

[8] S. Laveau and O.D. Faugeras. 3-D scene representation as a collection of images. In Proceedings of the 12th International Conference on Pattern Recognition, Jerusalem, Israel, volume 1, pages 689–691, 1994.

[9] Q. T. Luong and T. Vieville. Canonic representations for the geometries of multiple projective views. In Proceedings of the 3rd European Conference on Computer Vision, Stockholm, Sweden, pages 589–599, May 1994.

[10] R. Mohr, L. Quan, and F. Veillon. Relative 3D reconstruction using multiple uncalibrated images. The International Journal of Robotics Research, 1995. to appear.

[11] L. Quan. Invariants of six points and projective reconstruction from three uncalibrated images. Ieee Transactions on PAMI, 17(1):34–46, January 1995.

[12] A. Shashua. Algebraic functions for recognition. Ieee Transactions on PAMI, 1994. in press.

[13] B. Sturmfels. Algorithms in Invariant Theory. Springer-Verlag, 1993.

[14] B. Triggs. The geometry of projective reconstruction I: Matching constraints and the joint image. In Proceedings of the 5th International Conference on Computer Vision, Cambridge, Massachusetts, USA, 1995. submitted.

[15] T. Vieville and Q.T. Luong. Motion of Points and Lines in the Uncalibrated Case.

Technical report, INRIA, 1994.

[16] M. Werman and A. Shashua. Elimination: An approach to the study of 3D-from-2D.

In Proceedings of the 5th International Conference on Computer Vision, Cambridge, Massachusetts, USA, 1995. submitted.

[17] A. Zisserman and S.J. Maybank. A case against epipolar geometry. In J. Mundy, A. Zisserman, and D. Forsyth, editors, Proceeding of the Darpa˘Esprit workshop on Applications of Invariants in Computer Vision, Azores, Portugal, pages 69–88. Springer-Verlag, 1993.

RR n˚3345

Unité de recherche INRIA Lorraine, Technopôle de Nancy-Brabois, Campus scientifique, 615 rue du Jardin Botanique, BP 101, 54600 VILLERS LÈS NANCY Unité de recherche INRIA Rennes, Irisa, Campus universitaire de Beaulieu, 35042 RENNES Cedex Unité de recherche INRIA Rhône-Alpes, 655, avenue de l’Europe, 38330 MONTBONNOT ST MARTIN Unité de recherche INRIA Rocquencourt, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex Unité de recherche INRIA Sophia-Antipolis, 2004 route des Lucioles, BP 93, 06902 SOPHIA-ANTIPOLIS Cedex

Éditeur INRIA, Domaine de Voluceau, Rocquencourt, BP 105, 78153 LE CHESNAY Cedex (France) http://www.inria.fr ISSN 0249-6399