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Abstract

In this paper we are addressing the problem of Fu-
clidean reconstruction with an uncalibrated affine cam-
era and colibration of this camera. Since efficiency is
an important issue in Tobotics and computer vision,
we investigate constraints under which the Euclidean
shape and motion problem becomes linear. The theo-
retical study that is described in this paper leads us to
impose some practical constraints, namely we require
that the camera is mounted onto a robot arm and that
the robot is executing controlled motions whose param-
eters are known. The affine camera model considered
here is certainly just an approximation of the true pro-
jective mapping. Nevertheless, there is a large number
of applications for which the camera is allowed to be
at some distance from the scene and under these cir-
cumstances the affine model is a good approzimation.
The fact that we deal with an uncalibrated camera is
an advantage over previous methods because we do not
rely anymore on the tedious task of camera calibration.
The experiments that are described at the end of the
paper show that the method described herein compares
favorably with other similar methods.

1 Introduction and background

One of the most challenging tasks in robotics is the
task of recovering three-dimensional Euclidean struc-
ture of a scene from a sequence of images gathered with
a moving camera. Roughly speaking, there are two
possible approaches to this problem. The first class of
approaches uses a calibrated camera in which case the
task of recovering shape and motion is non-linear if a
perspective camera model is considered [2, 10], and lin-
ear if an affine camera model is considered [8, 11, 13].
The second class of approaches uses an uncalibrated
camera in which case the task of recovering Euclidean
shape and motion is a non-linear problem both with
projective [3, 4, 12], and affine [9] camera models.
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This figure shows the camera rigidly
mounted onto a robot hand. The hand undergoes a
rigid motion (and so does the camera) and the cam-
era observes a 3-D scene materialized by a number of
points.

Figure 1:

The standard way to solve a non linear set of equa-
tions is to cast the problem into a least squares min-
imization problem and to use numerical methods in
order to find a solution. Such non-linear optimiza-
tion methods are appealing because they can deal with
noise and, to a certain extent, with outliers, but have
two drawbacks: they require some form of initializa-
tion which is not always an obvious task and they are
iterative in nature. The cost of each iteration is at
least equal to the cost of inverting a symmetric posi-
tive semi-definite matrix (J7'J where J is the Jacobian
of the sum-of-squares error function to be minimized).
The size of this matrix is directly related to the number
of images in the sequence and to the number of points
to be reconstructed [4] and hence matrix inversion can



be a time-consuming process.

In this paper we are addressing the problem of
Fuclidean reconstruction with an uncalibrated affine
camera. Since efficiency is an important issue in com-
puter vision we investigate constraints under which the
Euclidean shape and motion problem becomes linear.
The theoretical study that is described in this paper
leads us to impose some practical constraints, namely
we require that the camera is mounted onto a robot
arm and that the robot is executing controlled motions
whose parameters are known. Recent work has shown
that the combination of robot controlled motions with
a projective camera does not make the problem any
simpler [7]. The affine camera model considered here
is certainly just an approximation of the true projec-
tive mapping. Nevertheless, there is a large number of
applications for which the camera is allowed to be at
some distance from the scene and under these circum-
stances the affine model is a good approximation. The
fact that we deal with an uncalibrated camera is an ad-
vantage over previous methods because we do not rely
anymore on the tedious task of camera calibration.

Since the camera is mounted onto a robot hand
there is a fixed rigid transformation between the cam-
era frame and the hand frame. This transformation is
not known in advance and hence the camera motion is
known only up to a rotation and translation.

More formally, the problem that we attempt to solve
in this paper can be stated as follows: Given an uncal-
ibrated affine camera that is mounted onto a robot
hand, given a number of point-to-point correspon-
dences between images gathered with this camera and
given known robot motions, then (i) determine the Eu-
clidean structure of the scene, (ii) calibrate the affine
camera, and (iii) estimate the camera-to-hand trans-
formation.

The problem of Euclidean shape and motion esti-
mation with an affine camera has received a lot of
attention in the past. In the case of a calibrated
camera, Tomasi & Kanade [11] (orthographic projec-
tion), Weinshall & Tomasi [14] (weak perspective), and
Poelman & Kanade [8] (paraperspective) showed that
the problem can be solved using straightforward linear
methods. Quan [9] extended these approaches to the
case of an uncalibrated camera. He showed that in this
case one cannot use linear methods anymore and the
problem becomes non-linear. Moreover, he suggested
a canonical decomposition of the affine transformation
matrix into intrinsic and extrinsic camera parameters.
This decomposition treats various affine camera mod-
els (orthography, weak perspective, and paraperspec-
tive) within a common framework. All the methods
mentioned above that use an affine camera model can
determine shape only up to a mirror transformation.
In this paper we show under which controlled motions

this ambiguity is removed.

The work reported herein is also related to the prob-
lem of hand-eye calibration. Previous work on hand-
eye calibration attempted to solve the problem in two
stages: first the robot is moved to some predetermined
locations and at each one of these locations the in-
trinsic and extrinsic camera parameters are estimated
using a known 3-D calibration grid, and second a set
of homogeneous matrix equations is solved in order to
determine the camera-to-hand transformation [6]. Our
method may well be viewed as an on-line hand-eye cal-
ibration technique which requires neither a known cal-
ibration grid nor intrinsic camera parameters. Since
in this paper we consider an affine camera, only the
rotation associated with the hand-eye transformation
can be determined.

To summarize, the main contributions of this paper
are the following:

e We show that the problem of Euclidean recon-
struction with an uncalibrated affine camera has a
simple linear formulation if the camera is mounted
onto a robot and if the robot executes controlled
motions,

o We show the existence of a sufficient condition
under which a unique solution may be obtained,
namely we show that two independent robot ro-
tations are sufficient to insure the uniqueness of
the solution, and

e We solve simultaneously for Euclidean reconstruc-
tion, camera calibration, and hand-eye calibra-
tion.

Paper organization. The remainder of this article
is organized as follows. Section 2 describes the affine
camera model that will be used throughout the paper.
Section 3 describes the problem formulation allowing
to express reconstruction and calibration into a com-
mon framework. Section 4 provides a sufficient condi-
tion that insures that the problem has a unique solu-
tion. Section 5 describes the problem solution which
involves simple linear algebra and shows how recover-
ing camera parameters (camera calibration). Section 6
describes a number of experiments performed with an
uncalibrated camera mounted onto a robot arm and
Section 7 gives some directions for future work.

2 The affine camera

In its most general form, the affine camera model can
be written as:

p=MP (1)

where p is an image point expressed in standard im-
age coordinates, P is 3-D point expressed in some Eu-



clidean frame, and M is a 3 x 4 matrix of the form:
miy Mi2 Mi13 Mi4
M = Ma1 M2z M23 M24 (2)
0 0 0 1
Eq. (1) can also be written as:
T
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(3)
The translation can therefore be “absorbed” by
changing the origin of the image frame:
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The 2-vector n is the origin of the new image frame
and it is the projection of the 3-D frame’s origin.
In order to make explicit the intrinsic and extrinsic

parameters of the affine camera, one may apply QR-
decomposition to matrix N which provides [9):
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This decomposition is unique if the rank of N is
equal to 2. Matrix A encodes 3 parameters associated
with an affine camera and Rsy3 contains two rows of
a rotation matrix, the third row being easily recovered
with:

rs =TI; XI9

Special cases of the affine camera model are: orthog-
raphy, weak perspective, and paraperspective. How-
ever, in this paper we will not make any prior assump-
tion about one or the other of these specific models.

3 Problem formulation

We consider now a camera that is rigidly mounted onto
a robot arm and we associate an Euclidean frame with
the robot hand — this frame is known in robotics as
the tool frame and it is the frame able to perform
controlled motions, provided that the robot kinematic
model is known. Let ( Rt ) be the rigid transfor-
mation (rotation and translation) between the hand
frame and the standard camera Cartesian frame. The
elements of R and t are the parameters associated with
hand-eye calibration. However, with an affine camera,
only the rotational parameters can be recovered, that
is the row vectors of matrix R.

We assume now that the robot hand frame is the 3-
D frame in eq. (1) and therefore the camera projection

matrix is (see Figure 1):

(5 1)-(31)

where A contains the 3 intrinsic parameters of the
affine camera and Ry 3 contains the first 2 row vectors
of the rotation matrix R.

Therefore, Matrix M encapsulates both the cam-
era calibration problem and the hand-eye calibration
problem. Of course M cannot be directly estimated,
and in what follows we will provide a method that first
computes a 3-D reconstruction of a scene and second
calibrates the camera as well as the hand-eye relation-
ship.

We assume now that both the camera and the robot
hand undergo a sequence of rigid motions and that
neither A nor R and t vary during these motions:
hence, matrix M is assumed to be fixed during these
motions. The camera observes a 3-D scene and image-
to-image correspondences can therefore be established
and a affine scene reconstruction can be performed.
Indeed, such methods as factorization [11] or affine-
invariant methods [13] allow one to compute 3-D affine
coordinates of the observed scene in some scene cen-
tered reference frame. Hence there is an affine frame
associated with the 3-D scene. Let S; be the affine
coordinates of the scene points expressed in this frame
and let M; be the transformation from this frame to
the frame associated with the it* image, e.g., Figure 1.
Therefore P; and S; denote the same physical 3-D
point expressed in two different coordinate frames: a
scene centered affine frame and the hand frame which
is an Euclidean frame.

Let Y; be a 4 x 4 invertible matrix associated with a
transformation from the hand Euclidean frame (in po-
sition %) to the scene affine frame. Matrix Y; describes
a 3-D affine transformation. Therefore, the matrix M
can be written as a combination of two affine transfor-
mations, e.g., Figure 1:

M = MY,
= M;Y; (7)

M,Y,

In these equations My, ..., M;, ..., M,, are 3 x 4
matrices describing affine transformations from the 3-
D affine space to each one of the images associated with
the camera in motion. Moreover, let By; be a 4 x 4
matrix that expresses the rigid hand motion between
the first position — 1 — and any other position —4. The
relationship between Y7, Y;, and By; is simply:

Y, =Y:B}!



By substituting the Y;’s in eq. (7) we obtain the fol-
lowing set of n — 1 matrix equations:

Ml Yl B12 = M2Y1

: (8)
Ml Yl Bln = MnYl

Each one of these matrix equations can be written

Ny m X xg R; t;
o7 1 o7 1 o7 1

~ /\ J\

~~ ~~ ~~
3x4 4x4 4

X4
_( N; n;
Lol 1

X1 X1
of 1

3x4 4x4
This matrix equation can further be decomposed as:

NiX R = NiXy (9)
N X t; + (N1 — N,')Xl = n; —m (10)

The first one of these equations is composed of 2 x 3
matrices and it is homogeneous in the elements of the
3 x 3 unknown matrix X;. The second one is composed
of 2-vectors and the unknowns are the matrix X; and

the 3-vector x1:
_ X1 X1
v (o )

Therefore there are 12 unknowns and each camera
motion provides 6 + 2 constraints. For n camera posi-
tions there are n — 1 motions which provide 8(n — 1)
linear equations. Therefore, n must at least be equal
to 3 in order to solve for the elements of Y.

Before we proceed further and develop a solution to
the problem, let’s recapitulate the main stages of the
method:

1. Perform a number (at least 2) of controlled mo-
tions with the robot on which the camera is
mounted. These robot motions provide the ele-
ments of the matrices By; = ( R; t; ). Grab
an image at each position, extract interest points
from each image and establish point correspon-
dences between images.

2. Determine affine structure and affine motion from
the extracted 2-D points, that is, determine 3-D
affine coordinates S; in a scene centered frame as
well as the projection matrices M; which trans-
form these points into image points. Thus, we
have N; and n; in equations (9) and (10).

3. Convert affine structure into Euclidean structure.
This is equivalent to solving the overconstrained
set of linear equations as described above (eq. (9)
and (10)). We deduce X; and xj, i.e. matrix

Y. Once Y; is determined one can easily convert
affine coordinates into Euclidean coordinates:

Vj P; =Y['S; (11)

4. Affine camera and hand-eye calibration are per-
formed by computing matrix M = ( N n ) us-
ing any of the expressions in eq. (7). As already
explained in section 2, the QR-decomposition of
the 2 x 3 matrix N provides the intrinsic and
extrinsic parameters of the affine camera. The
extrinsic parameters (a 3 x 3 rotation matrix)
amount for the hand-eye calibration.

4 A sufficient
uniqueness

As it has been outlined in the previous section, the
problem to be solved is the resolution of a system of
matrix equalities defined by eq. (8). One such equality
can be written as:

condition for

M; = M;Y;B};'Y;!

Let U be a 4 x 4 invertible matrix that belongs to
the subgroup of matrices of the affine group that com-
mutes with Bl_il, or with By;, and let C(By;) denote
this subgroup. We have:

M; = M Y;Bj'Y;!
= MY, UU'Bj;'Y]!
= M;Y; UB}' U'Y]!
= M; (Y,U)B; (Y,U)!

Therefore, if Y; is a solution, Y;U is a solution
as well and Y; will not be uniquely determined. As
a consequence, one has to choose a sequence of hand
motions Bj; such that the only possible choice for U
is the identity matrix:

n C(Bui) = {I}

i>1

In what follows we derive a sufficient condition for
obtaining the result above. We show that at least 2
motions (or 3 robot positions) are necessary, that there
should be at least 2 distinct axes of rotation, and that
one among the motions should be such that its trans-
lation vector is not orthogonal to its axis of rotation.

Indeed, let U and By; be written as:

W u RZ ti
U—<0T1) Bli—<0T 1)

We seek a matrix U satisfying:

BliU = UBM



By developing the matrix products on both sides of
the equation above we obtain:

WR; = RW (12)
Wti —|— u = Rill + ti (13)

Let ny, ny, and nz be the eigenvectors of the rota-
tion matrix R;. It is well known that a rotation matrix
has three distinct eigenvalues: pu; = 1, ps = €, and
ps = e~?. From eq. (12) we easily obtain that W
and R; must have the same eigenvectors but they can
have distinct eigenvalues. Indeed, with R;n; = p;n;
and by substitution in eq. (12):

WRinj = W/I,jllj = [LjWIlj = R,'an

Hence, Wn; = y;n; with j = 1,2,3 and one may
notice that the eigenvalues of W, vy, v, and v3 cannot
be null because W is not singular.

We consider now a second motion with its associated
rotation matrix Ry whose eigenvectors are denoted by
my;, my, and mz. Let m; be the axis of rotation of Ry,
and let us impose that this vector is neither parallel to
n; (the axis of rotation of R;) nor in the plane defined
by ny and n3. m; can therefore be written as a linear
combination of the eigenvectors of R;:

3
j=1
We obtain:
3 3
Wm1 =W Z)\jﬂj = Z )\jyjnj (15)
7j=1 j=1

However, the eigenvectors of W and Ry, should also
be the same:

3 3
Wm1 =vimp =1 ZA]'IIJ‘ = Z le\jnj (16)
j=1 j=1
By identifying eq. (16) with eq. (15) we obtain:
" =vy=v3=Vv

Since the matrix W has three identical eigenvalues it
is necessarily of the form:

W =1
As a consequence, eq. (13) becomes:

In this expression, (R; — I)u is a vector perpendicular
to the axis of rotation of R; — the eigenvector n;.!

In order to be convinced of this orthogonality, consider the
dot product between vector u and the axis of rotation of R;, nj.
This dot product is invariant with respect to rotation: u-n; =
(R;u)- (R;n1) = (R;u) - n;. It follows that (R;u—u)-ny =0.

Therefore, unless the translation vector t; lies in a
plane perpendicular to n; and if we eliminate the triv-
ial solution (R; =TI and t; = 0), we have:

v=1
and
u=20
Finally, we obtain that the unique solution for U is:
U=1I

To conclude we proved the following sufficient con-
dition which insures the uniqueness of the solution of
eq. (8): among all robot motions By;, (i) at least two
motions must have distinct azes of rotation and (i) at
least one motion must have its translation vector non
orthogonal to its rotation axis. Notice that the former
condition is identical to the uniqueness condition as-
sociated with Euclidean hand-eye calibration. If the
latter condition is not satisfied, Euclidean shape is re-
covered only up to a scale factor.

5 Problem solution

Let Py, Py, ... Py be the set of scene points for which
we seek 3-D Euclidean coordinates. As already ex-
plained, we first determine their affine coordinates,
and second we convert these coordinates into Eu-
clidean ones. Let Py be the origin of the world frame.
We define an affine basis of the 3-D space with the
points Py, P;, P,, and P3 which are supposed to be
non coplanar. Vector S; is the vector from Py to P;.
Let S1, So, and S3 be an affine basis — they are three
unit vectors: S;=(1 0 0)1,S,=(0 1 0)%,
and S3=(0 0 1)7T,

Moreover, the scalar triplet (o, 8;,7;) denotes the
affine coordinates of a vector S;. We have:

S; = ;81 + B8;S2 +7;Ss (17)

Let p;; be the projection of P; onto the ith image.
Hence pjy, Pj2; - - - Pjy, are projections of P; in the n
images. Since we choose Py to be the origin of the
space frame, py;, Po2, ---Pon are the origins of the
image frames that absorb the translational component.
Similarly, the image vector sj; denotes the vector from
point py; to point p;;.

Therefore, for all j, and for all ¢ (i = 1...n, j =
1...k) eq. (3) writes:

Sji = N,SJ (18)

Po; = 14 (19)

5.1 Affine shape and motion
By combining eq. (17) with eq. (18) we obtain:
ji = NSy + NSy + ;3 N;Ss

= a;si; + fBj82i + 7588

S



For n images and for every point correspondence j,
with j > 3, we obtain the following matrix equation:

S11 S21 831 Sj1

Q;
Bi | =
Sin S2n S3n R Sjn

This can be written more compactly as:

B S]‘ = O'j
N
2nX3 3x1 2nx1

The pseudo-inverse of B can be computed provided
that the rank of B is equal to 3. This rank condition
is satisfied if:

e 7 (the number of views) is greater or equal to 2;

e The basis image vectors are not collinear. This is
a necessary but not sufficient condition for insur-
ing that the four 3-D basis points are not coplanar,
and

e the camera motion is neither a pure translation
nor a rotation around the optical axis.

With these conditions satisfied, one may compute
the affine coordinates of any space point j, with 7 > 3:

Sj = BTO'J'

The overscript § stands for the pseudo-inverse of a ma-
trix. This expression can be written for all j, j > 3:

s* = Bio* (20)
with:

S* = (S4Sk)
o = (04...0%)

Therefore, the affine shape just determined is de-
scribed by the 3 x k matrix S:

S=(S:1 S» S; S*)

We may now determine the affine transformations N;
as follows. Eq. (18) can be written for n views and for
k points in the following form:

S11 co.  Sp1 Nl

Sip  --- Skn N,
More compactly this can be written as [11]:
o=AS (21)

We refer to this formula as the affine shape and motion
equation.

While the affine-invariant method allows a more
direct analysis of the problem, the factorization
method [1, 8, 11] is more convenient from a practi-
cal point of view. This method avoid the problem of
finding four non coplanar object point to perform the
reconstruction. The factorization method computes
affine shape and motion simultaneously by perform-
ing a singular value decomposition of the 2n x k ma-
trix o (equation (21)).

5.2 Euclidean shape and motion

We are now able to solve for Y; in eq. (8), where each
matrix constraint can be decomposed into eq. (9) and

eq. (10):
N X;R; = N;Xy
lelti + (N1 - Ni)Xl = n; —n

The first one of these equations has X; as unknown.
By combining n» — 1 such equations one obtains an
overconstrained homogeneous set of linear equations
of the form (X} is a 9-vector formed with the elements
of X]_)Z

A x =0 (22)

~N
6(n—1)x9 9x1

The optimal solution for X; can be found by solving:
min (A + A1 - [1%]1%)

The solution is the eigenvector associated with the
smallest eigenvalue of the symmetric semi-definite pos-
itive matrix AT A. Therefore the elements of X; are
defined up to a scale factor: pX;.

By substituting pX; in the second equation we ob-
tain:

N1 X t; + (Ng — Ny)xg =n; —ny

With n camera positions (n — 1 motions) we obtain a
linear set of equations of the form:

B ( K ):b
~—~ X1
2(n—1) X4 N —rt
4x1

This linear system has an obvious solution if the rank
of B is equal to 4. The Euclidean coordinates of the
scene points can now be recovered using eq. (11):

P;=Y,'S;

5.3 Camera and hand-eye calibration

Camera calibration and hand-eye calibration are both
embedded in the projection matrix M, eq. (6), which
is obtained by multiplying two matrices that have just
been determined:

M= MlYl



which is the first equation in eq. (7). Therefore the
intrinsic camera parameters and the rotation matrix
between the camera and the robot hand are obtained
by performing a QR-decomposition of N — the 2 x 3
sub-matrix of M.

The intrinsic parameters are recovered under the
form of a 2 x 2 low-diagonal matrix A as in eq.(5).
This is a very general affine camera model with three
parameters (a, b, and ¢) that can be specialized as
follows:

o if the off-diagonal element b is small compared to
the diagonal elements, then it can be neglected
and the camera model is equivalent to weak per-
spective, and

o if the off-diagonal term is not small, then the cam-
era model is equivalent to paraperspective.

6 Experiments

In order to validate the method we performed several
similar experiments. A camera mounted onto a robot
observes a 3-D object from 12 different positions. Fig-
ure 2 shows the first (a) and the tenth (b) image in
this sequence. The object consists of a parallelepiped
with black rectangles on its faces. The exact position
and size of these black rectangles are not known. The
size of this parallelepiped is of 5 x 4 x 4 cm and it
is at approximatively 50 cm away from the camera.
Therefore, the perspective effect is weak and the cam-
era model can be described by an affine projection.

Interest points were detected and tracked over the
image sequence: There are 132 tracked points belong-
ing to three different faces of the parallelepiped. In this
sequence, the matching process has been done by hand
because of the very repetitive motif, but for other real
sequences we have used the method described in [15].

Figure 2 shows the results of reconstructing the 3-D
shape of this object with two methods: the method
described in this paper and a method that uses a per-
spective camera model [1]. For each method Figure 2
shows a top view and a lateral view: (c) and (d) cor-
respond to the method described in this paper and
(e) and (f) correspond to the method described in [1].
There are two important differences in between these
two methods: (i) the former uses an uncalibrated cam-
era while the latter uses a calibrated camera and (ii)
the former method assumes an affine camera model
while the latter method considers a perspective cam-
era model.

It is not easy to compare the two reconstruction re-
sults because the 3-D reference frame used by the two
methods are different. In the case of the method de-
scribed in this paper the 3-D frame is the Euclidean
frame associated with the robot hand. For the sec-
ond method, the 3-D frame is a object centered frame

whose orientation is aligned with the camera frame in
its first position.

The camera parameters that are obtained with the
above experiment are the followings:

N = kARaxs
1.36 < 0.58 0 ) ( —-0.97 —-0.12 +40.18 )

0.06 1 +0.12 -0.99 -0.02

The scale factor k includes the effect of both average
depth and the focal real focal length of the camera
lens. Since the off diagonal element of matrix A can be
neglected, the camera model can be approximated in
this case by weak perspective projection. The non null
diagonal element represents the aspect ratio between
the horizontal and vertical pixel size.

7 Discussion

In this paper we described a method for recovering
the 3-D Euclidean structure of a scene using an un-
calibrated affine camera mounted onto a robot arm.
The Euclidean information is provided by controlled
robot motions with known parameters. We proved a
sufficient condition for uniqueness (there must be at
least two robot motions with non identical rotation
axes) and we provided a very simple linear algebraic
method for recovering 3-D shape and for determining
— as a side effect — the intrinsic and extrinsic camera
parameters. The intrinsic parameters allow one to de-
termine whether it is a weak perspective or a paraper-
spective camera. The extrinsic parameters (a rotation
matrix) correspond to the relative orientation between
the robot hand frame and the camera.

The method that we described in this paper may be
used whenever controlled motions are possible. This
is the case with cameras mounted on robots but also
with active stereo heads. Similarly a number of au-
thors have shown that the camera calibration problem
is simpler if some special motions can be performed
in space [5]. It may be a problem, however, to rotate
an uncalibrated camera around its optical axis. The
method described in this paper provides some insights
for the case where the actual axis of rotation is not
perfectly aligned with the optical axis.
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