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Abstract

\We propose a new algorithin for antomatically computing approximations of a given
polyhiedral object at different levels of details. The application for this algoritlu is the
display of very complex scenes. where many objects are seeil witlh a range of varving
levels of detail. Our approach is similar to the region-merging method used for nage
scementation. We iteratively collapse edges. hased on ameasure of the geometric deviarion
from the initial shape. When edges are merged i rthe righr order. this strategy produces
a contininm of valid approximations of the oricinal object, whiclt can be nsed for faster
rendering at vastly different scales.
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1 Introduction

This paper describes a new method for automatically generating several levels of details of
a polyhedral object. whose faces have been triangulated [9]. Owr method is applicable to
architectural walk-througl. assembly mock-up, virtual reality. medical simulation, planning
and monitoring. The difficulty in those applications is that a wide range of viewing conditions
must be accommodated, so that the available levels-of-details should span several orders of
magnitude 5. 12].

There are two sides to all simplification methods. On one side. it is desirable to be able
to simply iterate the process until a dosired level of detail is reached (in terms of the nunber
of clements in the approximation). without having to guess for global paramecters. Thus,
incremental methods remove triangles from a 3D object. based on a measure of how mnch the
shape changes locally in each move [15. 13. 10. 14]. On the other side. global control of the
simplification error is also useful. and has been cmphasized by recent authors [S. 2.7, 6. 4].

Our method takes an intermediate view of the problem. It is based on local, incremental
operations. but keeps track of the initial object. by tracing a history of all vertex moves. As a
result. we can control approximation levels by prescribing geometric tolerances. and still get
the benefits of working mereinentally.

The previous work of Rossignac and Boyrel [11] is based on space-partionning and cluster-
ing techmigues i 3D space. By allowing topological changes. that method vield el higher
cotupression ratios than most other previous work, at an cxtreiely low computational cost.
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Figwre 1: Surface of alnuan Face. extracted fromn MR image daras wirl three levels of sunplification.
and the immiber of triangles for cach level.

but with too little control over the quality of the approximation. In our new method. ver-
tices are merged i a much more controlled way. based on a step by step evaluation of the
approximation crror.

The multivesolhition approach advocated by Eck ot al. [3] gives a suitable theoretical
framework to surface simplification based on warclef=. but it is not yvet clear that 1t s practical.
because it canuot deal with curface discontinmities or topological stiinplitications.

Tlie paper is oreauized as follows. First. we present a general overview of the aleorithin
i secetion 2. Then. we discuss onr definition of the approxiwation error. i seetion 3. hu-
plewentation issues are discussed 1 section 4. with a focus on data strmetures and topology
issuos. We end with a discussion of results and pertformance analysis. '

2 Algorithmic foundations of the method.

Owr method is based on a merging algorithii. which removes edges one at a time from a
polyhedral object. Each cdge removal 1s applied by moving the first vertex into the second
vertex of the cdge, as shown in fig. 3. We view this operation as a region merge, because
all triangles around the merged vertices are modified. We associate a cost with each merge.
wlhich can be precomputed and stored for all cdges. The cost function itself will be described
in scction 3. We also maintain the topological links between vertices, edges and triangles
throughout the simplification process. As a general overview. we can outline our method as
follows:

Pre-processing. Build thie topology of the object. and compute the costs associated with
all edges. Tusert cdges into a priovity queue. so the the edge with the lowest cost is yeadily
available at all times.

Ieration. Moree edges one at a time. by 1woving their first vertex at the location of the
sccond vertex. and update the topological data structure accordingly.

Relowation.  After cach merge. update the geometyic location of the remamning vertex. based
on 1ts uew 11(>ighborhood. Update the lues of the cost function for all edges that Liave becen
affected. and update the priovity queue accordingly.
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Topology reconstruction.  When the number of vertices. or the total approximation error.
reach pre-specified levels, intermediate approximations of the object are extracted. and the
whole process can be iterated until the full vange of approximation levels have been obtained.

Figure 2: Star and crown of a vertex. A: Edges and faces touching a vertex are its ster. B: Edges
bounding the star of a vertex are its crown.

Figure 3: Merging vertices and their stars: A: Initial configuration around edge. B: Final configuration
around collapsed vertex.,

3 Geometric foundations of the method.

Local tesselation error.

W(:. (:_al_l the region composed of all edges and triangles around a given vertex its star. By
deﬁ}ntlon. the neighborhood of a vertex is composed of edges and triangles in its star, as
depicted in fig. 2. In the same figure. the crown of a vertex is introduced. consisting of the
l)mmdm-y of its star (i.c. the set of edges adjacent to. but not part of. its star). '

.t O single topological operation for simplifying polyhedral shapes consists in merging the
iy ars of two adjacent vertices. Fig. 3 shows a typical example of the region-merging operator.
tele one vertex V1 is merged into another vertex V.
Vert‘i\t evaluate the cost of merging vertices, with the marmmum of two functions of those
i - ' . . . . .
. ces, LGE and LTE. The local geometric ervor LGE is the variation of a geometric error
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G during the merge (a measure of the distance between the initial and approximated shapes).
The local tesselation error LTE is a penalty function, used to keep the triangular mesh valid
and smooth. With refercuce to fig. 3. the merge involves deleting vertex Vy. edges ViV, V1 V;
aud ViVig. as well triangles V{1515 and ViV V. Four more triangles ave modified. and a
cost LTE is associated with the amount of rotation undergone by then normal vectors. In
acldition. vertex Vi moves at a distance |V Va|| from its previous location. thus increasing the
global geometric crror in the approximation by an amount LGE.

v, A

Figure 4: Enforcing validiry constrainrs on a triangular mesh. Az Initial confignration. BV — 1o s
an anrliorized wove: all triangle normals keep theiv ovientarion. C: 1y = Uy is a forbnlden mover one
rriangle (V7 77 V5 ) las reversed s orlentation.

A triangular wesh defined on a plance or a sirface is a valid tesselation when no edges
interscct. and no triangles overlap on that plane or surface. In our case. the swrface s not
explicitly given, but the validity of the mesh can still be approximately evaluated. if we assume
that the initial shape is a valid mesh. When we merge vertices, we deform triangles in their
star. For cacl triangle Vi. V;. V. the defornation can be represented by the rotation of the
normal vector to the plane of the triangle, and measured with just one angle A;jx between
and 7.

The validity and the quality of the mesh are violated when a triangle reverses its oricu-
tation. i.c. when it turns around the smrface of the object with an angle equal to m. In the
planar case, an example of this situtation is given in fig. 4. To prevent such cases, and to
keep the mesh as balanced and smooth as possible, we impose the penalty function:

LTEMVW. V) = K max A
g kestar(V1)i g kg star(13)

With a large coefficient A’ this function can be used to prevent flipping triangles tangent t.o
the strface of the object. if we use a data structure allowing us to pre-compute LTE (withont
merging). Color plates 7 and 8%how the mesh at different stages of the simplification process.
on two simple examples.

Local geometric error.

We liave devised a novel geometric ervor function. based on the distance of vertices as they
move perpendicnlar to the surface of the nitial object. We use this geometric crror as 2 (_'o.qf-
function in combination with the peunalty function. which puts constraints on how vertices
move tangent to the swface. As a result, all vertices that have been merged with COSts_
inferior to a given tolerance remain within this tolerance of the original shapc (see [10])-

Y e e ™M A o -~ 10O
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Figure 5: Special cases for simplification. The shaded reglons matevialize zones witll zero. one or two
degrees of freedom aronnd vertex 150 A: Merge alinost coplanar verrices. two degrees of freedon. B3:
Merge vertices aligned on a sharp edge. one degree of freedom. C: Merge vertices iuto a sharp corner.
zero degree of freedom.

Intuitively. the different ways of merging vertices without changing the shape of the object
are (a) to meree vertices whose regions are entively co-planau: (b) to merge vertices alouy
prominent edees, where the dihedral angle is greatest: (¢) to wmerge vortices into prouuinent
corners (sce fie. 5). In order to deal with those three cases simnltanconsly. we measnare
the deviation of the werged vertices {row thew fangont plancs. oo w Huite set of plaes
aronned cacll vertex, We start with a simple observation: w the original object. every verfex
is a solution of a linear systan of cquations. obtained with the plane equations for all the
triangles in its star. Let us write this systein. with 7 denoting any such plane:

(Vi) = apx; + bryi +cezi +dp = 0

If we move a vertex Vi to an arbitrary new position (z.y.z). we can assoclate costs C
proportional to the distances from those planes to the new position. i.e. Cp = mp(w.y. 2).

As a generalization, we associate an arbitrary set of planes. called its zone, to each vertex
in the object. Initially, those planes are picked from the star of the vertex. with a total cost
of zero. 1f we now move one vertex, there will be a corresponding deviation 7, (V;) for each
plane in its zone. If we merge vertices, we will also update their zones.

In order to maintain a constraint such as W}%(V;) < ¢. we need to confine the vertex V; ina
slub around plane 7. In order to maintain ell the constraints in its zone. the vertex must be
confined in a region which is the intersection of all the slabs in the zone. The exact shape of
this region depends on the neighborhood of the vertex to be merged. There are three possible
cases. In the case of a planar neighborhood. the region is just a single slab with an infinite
extent because there is only one equation (see fig. 5-A). In the case of fig. 5-B. the region
i$ an infinite tube around a sharp edge, because tlere are only two different equations in the
zone. In most other cases. however. the vertex is really confined in a finite region. because

~ three or miove equations ave in its zone. This is the case of the corner in fig. 5-C.

N \\(,rd(:hno the geometric crror function G aronnd a vertex ¥ oas the maximnin distance
rom V; to planes i the zone of Vi . When vertex ¥V is werged into vertex 15 . the new region
"\l 74 . . ! ! o - - M -
-LC;L““-" plane cquations from the zones of the two nerged vertices. The local geowmetrie ervor
oty E is the variation of the ervor. thevefore G/ = max {G"/*" . LGE(V].V3)}. Because
' nmm ge vertices by rank of increasing geometric ervors, the maxinnun crror after the merge
ccessarily one of tlie new constraints in zone(Vy). Therefore. an cquivalent definition for
GE is sunpl : :
nply:
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LGE(V, V) = max _ 7}(Va)

J€Ezone(17) -

In other words, LG E is the largest new constraint associated with the vertex being merged.
Note that we always choose the final vertex position to be Vs itself. i.c. we ounly use cxisting
vertices at this point. Using a combination of LGE and LTE as a cost function. we can merge
edges with increasing costs. first in the smoother regions of the object. then along sharp edgoes.
and finally into corners in the object (see examples showing the triangnlar mesh in fig. 7 and
Hg. S in the color plates).

4 Implementation details.

Vertex-based data structure.

We have devised a vertex-based data structure with easy access to edges around a local center.
cuabling us to compute the local cost functions as efficiently as possible. The local tesselation
crvor LTE involves edges in the crown of a vertex. The local geometric crror LG E involves
cdges in its star. as well as cquations in its zone.

We therefore represent cach vertex as a triplet: its star. its crown and its zone. The
star contaius a list of edges incident to the vertex. which means that we maintain a complete
representation of the graph of vertices and edges. In addition. the crown spectfies an nubeddinge
of tliat graph on a particular sirface: cach edee in the crown correspolds fo one triaucle on
the sirface. The zoue contains the history of the approxunation. and relates its vertices to
their ancestors in the original object. The construction of this dynamic data structure is (quite
straight-forward. and is described in mucl more detail in our rescarach report [10].

Edge ordering based on local errors.

In order to merge cdges with increasing costs in the right order, we maintain an auxillary data
structure, in the form of a heap of directed edges. We associate a priovity to each directed
cdge, which is just the opposite of its cost function. We use the heap as a priority qucue,
such that (a) the first element in the queue always has the highest priority. and (b) we can
cfficiently remove and update edges when their priority changes. The heap is a particularly
efficient implementation of the priority queue, as a balanced, partially ordered tree [1]. The
heap is casily updated when an edge priority changes. by bubbling up (if the priority increascs)
or down (if the priority decreascs). The heap is initialized by rcading the triangulation data
sicqnentially. Its elements are updated as we merge edges. as we will now explain in more
details.

In each move, we update the local of the dynamic graph structiwe around the merged
vertex. as well as the heap, and the position (coordinates) of the merged vertex. The heap
updating operations consist in removing some edges (two opposite directed cdges at a time).
and reordering the heap based on new priorities. for those edges that have been modified
but not deleted. Edges pointing from 15 must be recomputed, because of the additional
constraints inherited from Vi . Edges pointing toward V5 need only be recomputed if we also
update the position of % at this point.

Relaxation.

After each merge. it is possible to optimize the coordinates of the central vertex. based on the
(fixed) coordinates of its new neighbors. The general idea is to minimize an energy function
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that will make the trianguar mesh as smooth and balauced as possible. while keeping the
geometric ervors as small as possible.

An interesting choice for the relaxation energy is taken directly from the geometric exvor
function, except that we now usc the sum of crrors. rather than the maxinnun ervor. i.e.

Ep(Vo) = > m (V)

JEzonc(\7)

Deforminug the object locally by moving V% tuto 1ts mminiun local crror. cnliances the
wethod at all scales. We must acknowledge that a more elegant solution would incorporate
that optimization into the estimate of the merging costs. te. we should use Ep oas owr local
geometric error. and the optimized value of V5 in our cost function. But this would be tervibly
incfficient. and we prefer to apply those two steps separately. As a hewistic. we have found
that the two cost functions worked together (uite nicely. because the optimized value for
Vo was never very far from its mitial position. aud the prediction used for LTE and LGE
remained correct.

Local topology changes.

Collapsing an edge (V1. V) can change the topology of the object. For instance. a through-
hole may become filled-up (in topological terns. handles may be renoved. e.g. a torus niay
be transfornied into a sphere). Vertices sharing an edge with both Vpoand ¥ play & very
nnportant role i this step of our algovithim, Their munber chavacterizes the local topological
structure of thie object (zero at a wirvefranme edge. one at the border of an open surface.
two inside a closed surface. tliree or more on a surface with sclf-intersections). Our vertex-
based data structure allows all those cases to be represented. which is a key to clhianging
the topological genus of the shape, 1.e. removing holes, handles, and separating components
(2, 7, 6]. Our dynamic data structure can tolerate such changes, because it is based on
vertices, and vertices can be incident to arbitrary numbers of edges and triangles. In many
cases, topological simplification is in fact acceptable, and we have used it to achieve the higher
compression ratios in most of the examples shown here.

Wlile we are able to correctly reconstruct approximations in prescunce of topological
changes, we do not know how to re-organize constraints. For instance, if several compo-
nents are scparated, which constraints should be associated wth each component ? In those
cases, an appropriate enhancement of our method would consist m resolving the new struc-
ture, so that the counstraints for each of several new components could be separated, and the
counstraints which came from filled-up holes could be eliminated. This appears to be a diffi-
cult 1ssue in general, and is not a part of our cuwrrent implementation. As a rvesult, we keep
too many constraints in those cases, and the approximation process artificially slows down in
tliose regions.

5 Results and comments.

As an input. the algorithin is given a munber L of levels and a geometric tolerance for each

level (€. es..... €1, ). Eaclh tolerance can be expressed as a pereentage of the object size. or
as a wwldtiple of the mitial costs found during the pre-computing step. As an alternative. the
uumbers of trangles in each level may be pre-specified ( Ny No. ... .Np ).

A typical example is shown fig. 6 (top). with a maximum compression ratio of 1:80. leading
to just under a hundred triangles. Subtle topological changes occur betwen the sccond and
third approximation levels; holes disappear. antennas retract, eventually leading to the almost
minimal representation of the fourth level of the figure.
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Figure G: Top: Power brake assembly. Middle: Radiation iso-dose swrface. Bottom: Skull sur-
face extracted from Neray scanner image data. Three levels of approximation for cach example. and
corresponding nmumbers of triangles.

We also shiow results obtained with iso-suface data (courtesy of G. Turk [15]) in fig.
G (middle). Ouwr results are comparable to previously published work. ouly with a much
wider rauge of approximation levels. Examples in fig. 1 and G (bottow) are applications of
owr method to medical data. Iso-surface extraction methods of that sort typically generate
results with hundreds of thousands of polygons. and efficient data vednetion methods arc
therefore particularly important for dynanic simulations. surgery plauning ad other velated
applications. Althongh onr approach is hewristically bhased on ounly a piutial measure of the
approximation error. we are able to coutrol the tolerances at cach level. so that 1o vertices
wove further away from their initial coufiguration than 0.1. 0.5 and 1.0 per cent of the hnage
size. As can be seen in fiz. 6 (botton). very good approximations can be obtained at
mterediate compression ratios (1:10 to 1:20). while much coarser approximation result at
further stages. The initial shapes were extracted from MR and CAT-scan data as iso-surfaces
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(courtesy of A. Guéziee).

We estimate that the complexity of the method 1s Ny lng") T\',l for bringing the munber of
vertices down from Ny to Ny, triangles. In our analysis. we consider tliec heap operations. which
are approximately logarithmic. and the tests on all the equations in the vertex zones. Because
oqnations arc inherited. their wunber is constant thonghout the simplification process. hence
the result. In practice. the computing times for all examples run from a few scconds to several
minttes on a workstation.

6 Conclusion.

We have presented a new wethod for simplitying thiree-dimensional shapes, based on an par-
ticular measure of the approximation civor. that we devive from sitple plane equations. Owr
approach allows us to veach very high compression ratios i a variety of cases. while keep-
ing the general appearance of the oviginal shapes. It Lias been noted by other rescarchers
that au unportaut part of obtaining minimal approximations of shapes was tlie elimination of
siall features. No previous method has addressed that issue successfully. Owr wethod shows
that feature climination can be achieved. partly at least. with purely geometric reasonming
(1.e.. without any detection or even understanding of the eliminated features). if we allow the
topology of the shape to be modified.
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