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Abstract: This paper presents a matching method which is based on invari-
ants of the luminance function. This makes matching possible in the case of
important geometric transformations between images. The method is robust
to occlusion, as local properties of the image signal are used. We propose
to use di�erential measures invariant to rotations in a multi-scale framework.
Promising results are obtained which might be used for a variety of applica-
tions.
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Mise en correspondance par invariants locaux

R�esum�e : Le but de ce papier est de proposer une alternative aux m�ethodes
de mise en correspondance. Cette derni�ere repose sur le calcul d'invariants
de la fonction de luminosit�e. Ceci permet d'e�ectuer une mise en correspon-
dance dans le cas d'une transformation importante entre deux images. Pour ce
faire, nous utilisons des mesures di��erentielles invariantes en rotation et une
approche multi-�echelle. Une mise en �uvre simple de la m�ethode fournit des
r�esultats de bonne qualit�e autorisant des applications vari�ees.

Mots-cl�e : mise en correspondance, invariants di��erentiels,multi-�echelle,point
d'int�erêt
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4 C. Schmid, R. Mohr

1 Introduction

The problem we are going to solve is matching between image points. This
is one of the key problems in computer vision ; potential applications include
stereovision, object identi�cation and localisation as well as target tracking.

In order to see the complexity of the matching we want to solve, the reader
is referred to �gures 9 to 14.

1.1 Existing matching methods

It is almost impossible to give an overview of such a wide-spread subject as
matching. In the following we are only going to discuss the principal matching
methods in order to explain what our contribution is.

The matching method which has been used for the longest period of time is
signal correlation (i.e. see [Fau 92] which compares di�erent methods, [Zha 89]
or [Zab 94] which use a fast binary correlation). To obtain satisfactory results
the signal has to be taken under very similar conditions such that the corre-
lation windows can be superimposed by simple translation. If we have to deal
with non-trivial image rotation, this method fails. However, if the epipolar geo-
metry is known, it is possible to compensate for the geometric transformations
and to obtain subpixel accuracy ([Ack 84], [Moh 94], [Lot 94]).

To restrict matching to image parts containing signi�cant information,
many of the methods use contours. It is then possible to get a structure of
contours (the structure of a graph [Hor 90]) which captures the global struc-
ture of the scene. Global similarity can be used for the matching if optimizing
techniques such as relaxation [Lon 86] or combinatorial techniques such as
search for maximal cliques [Hor 89] are applied. However, the complexity is
very high for these methods, and therefore additional constraints like the epi-
polar constraint in stereovision have to be added in order to keep run time
low.

Local information might be calculated for contour points. Theoretically,
any contour point can be characterized by an associated invariant [Wei 91].
Yet, this kind of method is unstable. If a su�cient part of the contour is
seen, semi-local methods [Die 94], [Rot 92] allow to calculate invariants for the
observed part of the contour. An approximative correspondence could then
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Matching by local invariants 5

be calculated ; to our knowledge, theses techniques have only been used for
limited object recognition problems.

It is evident that all the contour based methods can only be applied if
the segmentation process obtains good quality results, as it is the case for
simple scenes. However, even for realistic simple scenes they remain sometimes
di�cult to manage.

1.2 Context and proposed approach

We want to develop a tool for matching which is su�ciently general in that we
can consider images taken under very di�erent conditions. This is necessary
in case of a camera{hand auto-calibration of a manipulator : this kind of cali-
bration implies di�erent rotations with non parallel axes which leads to very
di�erent images of a same scene [Hor 95]. Thus, we have to identify objects
and to be insensitive to any rigid displacement in the image (image rotation
and translation). As the camera can approach the object, we also want to ab-
sorb a change of the scale within some limits, say a factor of 2. It is evident
that we have to restrict the scale factor as too drastic changes of scale modify
the structure of an object. If the scale factor is too large, a concave curve is
transformed into a convex curve and eventually into a single point.

We also have to be able to deal with occlusions and di�erent movements
of the objects as well as to operate on complex scenes (i.e. �gures 11 to 14).

In absence of global structure we have to use a method which uses local
information. The large variety of deformations excludes the use of correlation;
the absence of signi�cant contours excludes the use of this type of information.

To obtain perfect matching results in the above cited context is unrealistic.
Experiments with robust methods [Sch 90] have shown that it is su�cient for
most applications if 1=3 to 2=3 of the initial matches are correct. An example
of such an application is the calculation of the epipolar geometry [Zha 94]. We
hence �x our goal to obtain at least 2/3 of correct matches.

The imposed geometric constraints have led us to study the signal in the
neighborhood of particular points, the extracted interest points : they are local
and in these locations the grey level signal contains most information. This
makes their identi�cation possible.

RR n�2644



6 C. Schmid, R. Mohr

A related approach in litterature is to apply correlation to interest points
[Zha 94]. To improve such a correlation Deriche [Der 94] adds the following
local characteristics : the direction of the gradient, the curvature and a disparity
measure which has to be above a �xed threshold. To obtain insensitivity to
rotation and scale change, Hu [Hu 94] suggests to apply the correlation in
several directions and Ballard [Bal 93] uses steerable �lters which are steered
in the direction of the gradient.

It is also possible to characterize a signal locally in the frequency space.
Gabor �lters are often used for stereo-correspondence or for verging an ac-
tive stereo head [Wes 92, Fle 91, San 88]. These �lters allow to obtain local
phase information. This information is then used to estimate the disparity
between two images. However, this measure is local in frequency and direc-
tional in space. It, therefore, only resists to small image rotations and small
scale changes. In order to solve this problem, Wu [Wu 94] has proposed to use
Gabor �lters in several directions and at several scales.

The solutions of Hu [Hu 94] and Wu [Wu 94] suggest a spatial discretiza-
tion. Thus, they rely on the hypothesis that a linear interpolation between two
adjacent directions is possible. This hypothesis is di�cult to verify. In addi-
tion, their method needs to calculate several values. The solution of Ballard
[Bal 93] introduces an additional instability by �rst calculating the direction
of the gradient. To solve these problems we propose to use local measures
which are invariant to rotation. We then do not need any discretization and
our calculation does not rely on auxiliary unstable parameters. In addition,
our method is robust to scale change by using a multi-scale approach.

1.3 Introduction to invariants

In the following a short introduction to invariants is given. It is limited to the
minimum required for understanding the work that follows. For more informa-
tion on this topic in the context of computer vision, the reader is referred to
[Mun 92] and to [Gro 92].

Let I(x; y) be an image. A new image I 0 of the same scene can be taken un-
der a new environment (camera with other parameters, motion of the camera,
etc.). Invariants are properties that remain true under a given set of admissible
changes. Three kinds of change might be considered:

INRIA
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1. change in the intensity only, i.e. I 0(x; y) = f(I(x; y)). This occurs when
the camera is �xed and only illumination is changing. For this reason f
has to be considered as a monotonic function. Simpler approximations
of this case might be made assuming that f is only a translation or an
a�ne function, i.e.

I 0(x; y) = I(x; y) + � or I 0(x; y) = �� I(x; y) + �

2. change in geometry only, i.e. I 0(x; y) = I(g(x; y)), where g is a mapping
from the 2D plane onto itself. The simplest cases for g are translations.
In case of a planar patch, it is well known that g is a homography, i.e.
a linear function in homogeneous coordinates. If the change in camera
position is not too large, and if the patch under consideration is small
enough, then g is close to an a�ne function [Ull 91, Bas 94].

If we consider the images of a ground plane taken by an airplane 
ying
horizontally, and with images taken approximatively from the same lo-
cation, then g is very close to a similarity; with the additional condition
of constant altitude, g is close to a rigid motion; moreover if the airplane
keeps constant direction, then g is close to a translation.

3. in the real case, both changes (1 and 2) might occur.

Even in only the case 2 above, no geometric invariant exists for a single
image of 3D points [Bur 90, Mos 92]. In the case of monotonic change of inten-
sity and rigid motion for g, K�nderink and his co-workers [Flo 91] have shown
that the only invariants are the curvature of the isophote line and the 
ow-
line. Curvature computation is not a stable process and so are the isophotes
in images under real noisy condition. For this reason, the applicability of this
result is limited.

In what follows here, we assume that intensity might have be translated.
If the mean luminance intensity is used prior normalisation has to be done;
extending this to the a�ne change in intensity would be straightforward. We
are considering small image patches, and therefore the local planar assumption
is a good approximation. Therefore we should consider for g the group of
a�ne transform. However, as it was illustrated in [Gro 94], similarity invariant
are good quasi-invariant which are more stable in their computation. For this

RR n�2644



8 C. Schmid, R. Mohr

reason we restrict g to the group of similarity transform; f is restricted to the
translational case.

1.4 Report outline

In section 2 our approach is described. It consists of three stages : extraction
of interest points, characterization of these points and matching. The charac-
terization is given by a set of values invariant to the group of image displa-
cements and robust to a scale change. Section 2.1 presents the invariants ; we
rely heavily on the invariance approach developed by K�nderink [Koe 87] and
Romeny [Rom 94b]. Section 2.2 introduces a multi-scale approach robust to
scale changes. The two remaining steps of our matching algorithm are given
in section 2.3. In section 3 extensive experiments con�rm our approach. We
validate our theory for the di�erent kinds of modi�cations and for di�erent
types of images.

2 The proposed method

2.1 Invariant signal characterization

We propose a characterization of the luminance signal by using di�erentials
invariant under the group of displacements within the image. This characteri-
zation is based on combinations of derivatives invariant to image rotation and
translation. The set of invariants used is stacked in a vector denoted by ~Vi.
Simple examples of such invariants are gradient magnitude and Laplacian.

Di�erential invariants have been theoretically studied by K�nderink and
his co-workers [Koe 87, Sal 92, Flo 93, Rom 94b, Rom 94a]. They have made
explicit mathematical results �rst derived by Hilbert [Hil 93] and they have
proposed a stable implementation for the derivatives. In our work invariants
up to third order are used. It is, therefore, important to solve the problem of
their stability and precision.

INRIA
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2.1.1 Calculation of the derivatives

The calculation of the derivatives is ill-conditioned, as it lacks robustness due
to the presence of noise in the image data. Even a small noise can disturb the
calculation signi�cantly. To illustrate such a lack of robustness, let us consider
the functions f(x) and f̂(x) = f(x) + " sin(!x). They are similar for a small
". However, f 0(x) can be very di�erent from f̂ 0(x) if ! is big. Consequently,
a high frequency noise can signi�cantly modify the �rst derivative and even
more higher order derivatives.

Prior to any derivation, it is therefore necessary to smooth the signal. As the
di�erentiation commutes with the convolution, i.e. @i(g �f) = g �@if = @ig �f ,
smoothing can be obtained by either smoothing the image or by smoothing the
operator of derivation. A simple way to stabilize the calculation of the deriva-
tives is therefore to use the derivatives of a smoothing function. A very com-
mon choice is to use the Gaussian function [Wit 83, Tor 86, Rom 94a, Flo 93,
Lin 94]. This choice also coincides with a de�nition of scale-space which will
be important for our multi-scale approach. The formulation of the rotatio-
nally invariant Gaussian G(~x; �) and its derivatives Gi1 :::in(~x; �) for a vector
~x = (x1; : : : ; xD) (D = 2 in case of an image) is :

G(~x; �) =
1p

2��2
D
exp(� ~x2

2�2
) (1)

Gi1:::in(~x; �) =
@n

@i1 : : : @in
G(~x; �) (2)

where n = 0; 1; 2 : : : and ik = x1; : : : ; xD for k = 1; : : : ; n.
The � of the Gaussian function determines the quantity of smoothing. This

� can also be interpreted as a scale factor. In the following, � will be referred
to as size of the Gaussian.

Having calculated the derivatives of a function in a point up to Nth order,
the Taylor expansion describes this function locally up to this order. Thus, an
image in a point is then described by the set of derivatives which is stacked
in a vector. This vector has been used by K�nderink [Koe 87] who named it
\local jet".

De�nition 2.1 Local Jet

Let I be an image and � a given scale. The \local jet" of order N at a point

RR n�2644
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~x, denoted by JN [I](~x; �), is de�ned by

JN [I](~x; �) = fLi1:::in(~x; �) j (~x; �) 2 I � IR+ ;n = 0; : : : ; Ng

in which Li1 :::in(~x; �) is the convolution of image I with the Gaussian deriva-

tives Gi1:::in(~x; �) de�ned in equation 2 :

Li1:::in(~x; �) = (Gi1:::in � I)(~x; �)

The local jet takes into account the size � of the Gaussian used for cal-
culating the derivatives. This makes it possible to de�ne a multi-scale local
jet and hence to characterize a function at several scale levels ([Koe 87]). In
addition, the calculation is optimal as it can be adjusted to the considered
image [Lin 94].

2.1.2 Size normalization of the image

To obtain derivatives invariant to rotation, it is absolutely necessary that the
pixel size is quadratic. Otherwise, the calculation of the derivatives is in
uenced
by the relation length/width of a pixel. Thus, we have to normalize the image.
This is done by linear interpolation on the columns of the image using a re-
duction factor equal to the factor \�v/�u". This normalization factor \�v=�u"
corresponds to the ratio between length and width of a pixel. Di�erent ex-
periments have shown that this factor is stable and almost independent of
calibration. For the results presented in section 3, the factor used is 1.47.

2.1.3 Di�erential invariants

Having normalized the image size, it is possible to calculate a local jet for any
point of this image. Di�erential invariants under the group of displacements
are then calculated using the local jet. The invariants used in our experiments
are stacked in a vector, denoted by ~Vi.

The �rst part of this vector contains the complete and irreducible set of
di�erential invariants up to 2nd order (cf. equation 3). The formulation of

INRIA
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this �rst part of the vector is given in Einstein notation and in Cartesian
coordinates.

~Vi[0::4] =

2
6666664

L
LiLi

LiLijLj

Lii

LijLji

3
7777775
=

2
6666664

L
LxLx + LyLy

LxxLxLx + 2LxyLxLy + LyyLyLy

Lxx + Lyy

LxxLxx + 2LxyLyx + LyyLyy

3
7777775

(3)

The Li are the elements of the \local jet" de�ned in de�nition 2.1 where L
represents the luminance function convolved with a Gaussian. It is therefore
possible to calculate the Li and consequently the invariants for di�erent sizes
� of the Gaussian.

The luminance function depends on a two-dimensional vector ~x. In Carte-
sian notation we have ~x = (x; y). The indices x and y represent the deriva-
tion with respect to the variables x and y respectively, i.e. Lxy = @2

@x@y
L. In

Einstein notation, an index i signi�es the summation of the derivations with
respect to the set of variables : Li =

P
i

Li = Lx + Ly and Lij =
P
i

P
j

Lij =

Lxx + Lxy + Lyx + Lyy .
The second part of the vector contains a set of complete invariants of third

order in Einstein notation (cf. equation 4).

~Vi[5::8] =

2
6664
"ij(LjklLiLkLl � LjkkLiLlLl)
LiijLjLkLk � LijkLiLjLk

�"ijLjklLiLkLl

LijkLiLjLk

3
7775 (4)

with "ij the 2D antisymmetric Epsilon tensor de�ned by "12 = �"21 = 1 and
"11 = "22 = 0.

2.2 Robustness to a scale change

To obtain robustness to a signi�cant scale change, the invariants have to be
adapted to the scale change. A change in image scale can be caused either by a
change in the distance of the camera to the object or by a change in the focal

RR n�2644



12 C. Schmid, R. Mohr

length (zoom). Such a scaling of the image is in the following denoted by � in
order to distinguish it from the size � of the Gaussian used for calculating the
derivatives.

Experiments have shown that matching which uses invariants resists to a
change in scale of 20 %. This observation is coherent with the one made by
Fleet [Fle 91] in the context of Gabor �lters. Equivalently, correlation based
matching can, in case of absence of rotation, be used up to a change in scale
of 20 %.

2.2.1 Adapting the invariants to a scale change

For a function f , a scale change � can be described by a simple change of
variables, f(x) = g(u) where g(u) = g(u(x)) = g(�x). We then obtain :

f(x) = g(u)

f 0(x) = �g0(u)

f 00(x) = �2g00(u)

This shows that the �rst derivatives are equal up to a multiplicative factor �.
Equivalently, the second derivatives (resp. nth) are equal up to a multiplica-
tive factor �2 (resp. �n). Thus f 0(x)2=f 00(x) is a theoretical invariant to scale
change.

However, in case of a discrete representation of the function, as for an
image, the derivatives are calculated on a Gaussian window. If the size of the
window is not adapted to the scale change, the di�erential invariants to scale
change are not valid. For two images I1 and I2 where I2 is changed by a scale
factor � we have :

+1Z

�1

I1(~x)G(~x; �)d~x =

+1Z

�1

I2(~u)G(~u; ��)d~u

+1Z

�1

I1(~x)Gi1(~x; �)d~x = �

+1Z

�1

I2(~u)Gi1(~u; ��)d~u (5)
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+1Z

�1

I1(~x)Gi1i2(~x; �)d~x = �2
+1Z

�1

I2(~u)Gi1i2(~u; ��)d~u

in which the Gii are the derivatives of the Gaussian as de�ned in equation
2.

Equation 5 shows that the size of the Gaussian, that is the calculation
support, has to be adjusted. If the scale change � between two images is known,
it is possible to obtain same di�erential invariants up to a multiplicative factor
�. The remaining problem is to either estimate � or to be capable of dealing
without this estimation.

2.2.2 Estimating the change in scale

A solution for estimating the scale change � between two images has been
proposed by Manmatha [Man 94b, Man 94a] in the general context of local
calculation of an a�ne transformation. His idea is based on the fact that
convolution of an image with a Gaussian is equivalent to the convolution of
an a�ne transformed image with the a�ne transformation of this Gaussian.
In the case of simple change in scale this idea is expressed in equation 5. This
implies that it is su�cient to continually change the size � of the Gaussian to
obtain the change in �, that is to calculate the value of the convolution of the
image with the Gaussian at several sizes �. The estimation of the scale factor
is thus obtained by :

argmin
�
(

+1Z

�1

I1(~x)G(~x; �)�
+1Z

�1

I2(~u)G(~u; ��))

Our experiments have revealed that this method is very unstable : the com-
puted value is very sensitive to noise and to small illumination changes. Sa-
tisfactory results can only be obtained if we use accurate point positions, an
important support for calculation and if the in
uence of noise and illumination
changes are insigni�cant. This is incompatible with our constraints (cf. section
1.2).

We suggest here to use the multi-scale approach in another way. Not only
the mean but also derivatives or invariants are computed at di�erent scales.

RR n�2644



14 C. Schmid, R. Mohr

They are used to estimate the scale factor �. Using invariants makes the cha-
racterization not only robust to a change in scale, but also invariant to image
rotation. The vector ~Vi is calculated for several sizes of the Gaussian �k. An
important problem is the discretization in the size �. Often discretization of
half-octave is used, as for example Wu [Wu 94]. We have found that this is
not su�cient. Based on the fact that our measurements are robust to a scale
change up to 20%, our discretization ensures that the di�erence between two
consecutive sizes is inferior to 20%. As we have allowed a change in scale up
to 2, the sizes �k used vary between 0.4 (1/2.5) and 2.5.

2.3 Steps of the matching process

We are now going to describe the di�erent stages of our matching algorithm.
At �rst interest points are extracted. It is obvious that the quality of the
�nal results depends on the quality of the extracted points. The detector
used should be invariant to rotations, repeatable in position and approxima-
tively invariant to a scale change. Having compared di�erent corner detectors
[Bea 78, Kit 82, Mor 79, Har 88, Hei 92, Ros 92], we use the detector of Heitger
and Rosenthaler.

With their method an image is convolved with even and odd directional
�lters in several directions (which can be speci�ed by the user). The �lters
used are very similar to Gabor �lters. The results of the even and odd �lters
in a same direction are used to calculate the local energy of the image in
this direction. This energy corresponds to the 1D characteristics of the image.
To obtain 2D characteristics of the image, the �rst and second derivatives are
calculated for each direction. This measurement detects the 2D characteristics,
but also gives false responses to 1D characteristics. A method which relies
on the systematic nature of the errors makes it possible to eliminate these
false responses to the 1D characteristics. The remaining responses are then
thresholded.

Having extracted the interest points, these points are characterized by
V(~x; �k) as described in section 2.1 and 2.2. To match these points we use
the following algorithm : for each vector of a point ~x1 of the �rst image calcu-
lated at scale 1 we look for a vector of a point ~x2 of the second image calculated
at a scale �k2 such that d(~Vi( ~x1; 1); ~Vi( ~x2; �k2)) is minimal. The process is then
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reversed. Hence, we obtain two lists of matched points. The matches kept
are the points which choose each other mutually and for which �k1 = 1=�k2 .
This matching algorithm is simple and can be improved by adding problem
dependent constraints like consistency of the matches or by using statistical
thresholding.

The distance d used to compare two vectors is the Mahalanobis distance
(cf. [Ram 89, Aya 90, Fau 93]). This distance makes it possible to compare
two random vectors whose components have di�erent sizes. Additionally, the
Mahalanobis distance is a random variable which has a �2 distribution. If we
use a table of this distribution, it is possible to threshold this distance such
that we keep k% of the values. This allows for the rejection of (1-k) % of the
values which are not very likely and which correspond to false matches.

3 Experiments

In this section we present experimental results. To validate our theoretical re-
sults, we �rst present separately results for each type of image transformation :
in section 3.2 for an image rotation and in section 3.3 for a scale change. Then
in section 3.4 results for similarity transformations (rotation and scale) are
shown. Section 3.5 displays results for three dimensional displacements.

The quality of the results is measured by the percentage of correct matches
in relation to the number of total matches. This evaluation has been made for
more than 100 images. On the other hand, the number of total matches is often
larger than 100. Thus, it is impossible to evaluate manually the results. We
have therefore used a method for automatic evaluation of the results which is
presented in section 3.1. Another criterion is the percentage of total matches in
relation to the number of points extracted. This percentage varies depending
on the image as well as on the type of transformation between the images ; the
average percentage of matched points is about 50%.

For our experiments, a vector of characteristics which contains 9 compo-
nents (cf equations 3 and 4) has been used. This includes third order deriva-
tives. Experiments, which will not be discussed here, have shown that using
third order derivatives in addition to second order ones improves the percent
of good matches with about 10%.
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16 C. Schmid, R. Mohr

3.1 Automatic evaluation of the results

To automatically evaluate the results, geometric constraints between two views
have been used. In case of a planar scene, any change between two images of
this scene can be modeled by a homography [Sem 52]. This homography de�nes
a point to point relation between two images. By applying the homography, it
can be determined, whether or not a match is correct : the percentages given
in the following �gures correspond to the rate of correct matches in relation
to the found matches.

For our experiments we have calculated the homography between two
images using the found matches. This calculation uses a method of least-square
median and is therefore robust to errors up to 50%.

In case of non-planar scenes, the geometric constraint between two views is
de�ned by the fundamental matrix : to a point in the �rst image corresponds
an epipolar line in the second image. A match (a; b) is evaluated as correct if
the point b lies on the epipolar line which corresponds to a. This evaluation is
not perfect : two points of a false match might lie on corresponding epipolar
lines. As the probability that a mismatch satis�es the epipolar constraint is
very low, this is still a good estimation of the number of correct matches.

The epipolar geometry between two images has been calculated using the
found matches. This calculation uses a method of least-square median (cf.
[Zha 94, Bou 95]).

3.2 Invariance to image rotation

To test invariance to image rotation, we have made experiments for two di�e-
rent planar scenes. The �rst one is a painted folder referred to as \Sanja" in
the following. The second one is the painting \the sower" of \Vangogh". \Van-
gogh" is more di�cult, as it contains texture. Texture makes interest point
extraction more imprecise.

For each scene we have taken a sequence of 20 images between which we
have rotated the camera around the optical axis. Figure 1 shows the results for
a pair of images of the sequence \Sanja" for which the rotation angle is 133.0
degrees. The white crosses indicate the correct matches and the black ones the
false matches. The rate of correct matches is 88.52%. Figure 2 displays the
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results for the sequence \Vangogh" for which the rate of correct matches is
74.26%.

Figure 1: 88.52% correct matches for a rotation of 133.0 degrees

Figure 2: 74.26% correct matches for a rotation of 134.8 degrees
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Figure 3 illustrates the percentage of correct matches as a function of the
angle for the sequence \Vangogh". This percentage is calculated for three dif-
ferent sizes � of the Gaussian. The curves di�er according to the size � used.
The bigger this size is, the better the results are. This is mainly due to the fact
that bigger sizes � are less sensitive to imprecision of the position as important
smoothing makes the transitions less abrupt. However, sizes bigger than 7 do
not improve the results anymore.
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Figure 3: Percentage of correct matches with respect to the rotation angle

Equivalent results are obtained for the sequence \Sanja" (cf. �gure 16 in ap-
pendix A). The results are slightly better than those obtained for the sequence
\Vangogh".

Figure 3 also shows that the results get worse for an important rotation.
The worst results are obtained for a rotation angle of �=2. This is due to the
fact that the results of the detector are not repeatable at di�erent orientations
as well as the fact that the images do not cover up for such an angle. In �gure 4
the in
uence of these factors are shown.
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Figure 4: Evaluation of the in
uence of the detector; percentage of correct
matches with respect to the rotation angle, the size � of the Gaussian is 3
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Figure 4 compares the results for the extracted points to the results for the
points restricted to the common zone and to the results for accurate points
projected by the homography (no subpixel accuracy is used). The results are
given for the sequence \Vangogh" and a size � equal to 3. We can see that
the method is mainly sensitive to the accuracy of the points used. The same
results are given for sequence \Sanja" in �gure 17 in the appendix A.

As our method is sensitive to the position of the points, we can improve
our algorithm by adjusting our points; that is by looking for the best match
in a neighborhood of a point. The results for adjusting our points is given
by the graph named \adjusted points" in �gure 4 and in �gure 17. To obtain
similar results as by using the precise points projected by the homography, a
neighborhood of size 1 had to be used for sequence \Sanja" and a neighborhood
of size 2 for sequence \Vangogh".

3.3 Robustness to a scale change

For each scene we have taken 40 images for which we have changed the focal
length of the lens (zoom). Figure 5 shows the results obtained for a pair of
images of the sequence \Sanja" for which the scale factor is 1.5. The white
crosses indicate the correct matches, the black ones the false matches. The
rate of correct matches is 90.91%. Figure 6 shows the results obtained for a
pair of images of the sequence \Vangogh" for a scale factor of 1.5. The rate of
correct matches is 70.31%.

The percentage of correct matches depending on the scale factor is given
in �gure 7. We can see that up to a scale factor of 1.5 we obtain satisfactory
results. For a more important scale change we obtain insu�cient results. This
is due to the imprecision of the detected interest points. Figure 8 shows that
the interest point detector is not robust to scale changes, as it was not to
orientation.

Similar results for the sequence \Sanja" are shown in �gures 18 and 19
in appendix A. We obtain satisfactory results up to a scale factor of 1.8 in
comparison to a scale factor of 1.5 for \Vangogh". This is due to the absence
of texture in this sequence. Thus, for the sequence \Sanja" the interest point
detector works well for more important scale changes.
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Figure 5: 90.91% correct matches for a scale factor of 1.5

Figure 6: 70.31% correct matches for a scale factor of 1.5
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Figure 7: Percentage of correct matches with respect to the scale factor

3.4 Combining rotation and scale change

Our method allows to combine rotation and scale change, since it is invariant to
image rotation and robust to scale change at the same time. Figure 9 displays
the result for the sequence \Sanja" in case of a rotation of 108.8 degrees and a
scale factor of 1.5. As before, white crosses indicate correct matches and black
ones false matches. The percentage of correct matches is 82.35%. Figure 10
shows a result for the sequence \Vangogh" in case of a rotation of 99.8 degrees
and a scale factor of 1.5. The percentage of correct matches is 68.42%. We can
see that the proposed method works well for a similarity transformation.

3.5 Three dimensional scenes

We present results for three dimensional scenes. For the evaluation of our
results we have used the algorithm described in 3.1. Figure 11 shows the result
obtained on a complex outdoor scene. The transformation between the two
images is not very important, although there are many repetitive patterns in
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Figure 8: Evaluation of the in
uence of the detector; percentage of correct
matches with respect to the scale factor, the size � of the Gaussian is 5

Figure 9: 82.35% correct matches for a rotation of 108.8 degrees and a scale
factor of 1.5
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Figure 10: 68.42% correct matches for a rotation of 99.8 degrees and a scale
factor of 1.5

the image.We obtain a score of 84.34 %. This can be considered satisfactory for
such a scene. We notice that some false matches are due to repetitive patterns
such as the ones on the window.

Figure 12 gives the result obtained on a complex scene. The transformation
between the two images consists of a scene rotation, camera rotation and a scale
change. We obtain 80.0% correct matches. Again false matches are primarily
due to repetitive patterns. Figure 13 shows the displacement vectors for the
correct matches in �gure 12. Classical correlation based algorithms completely
fail on such a scene.

Figure 14 gives results obtained on a complex indoor scene. The trans-
formation between the two images consists again of a scene rotation, camera
rotation and a scale change. We obtain 84.9% correct matches. Figure 15 shows
the displacement vectors for the correct matches in �gure 14. We can see that
there is one match which has been falsely evaluated as good match. This occurs
since we use epipolar geometry for evaluation (cf. section 3.1).
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Figure 11: 84.34 % correct matches

Figure 12: 80.0% correct matches
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Figure 13: Displacement vectors for the correct matches in �gure 12

Figure 14: 84.9% correct matches
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Figure 15: Displacement vectors for the correct matches in �gure 14

4 Conclusion and Discussion

Di�erential invariants can be used to characterize points in the image. If prior
works have described these invariants, it remained to determine how to cal-
culate them such that they could practically be applied. In particular, the
formulas which are invariant for di�erent scales are not applicable, as these
calculations are not supposed to be in
uenced by the scale factor ; for this
reason they were not used here.

The matching we experimented was only based on local features and is
therefore insensitive to occlusion. It is a simple brute force matching involving
comparison of a vector of invariants and using the Mahalanobis distance. Direct
application to this matching lead to a number of correct matches almost over
50%, even in case of large scaling and rotation.

However, location of interest points is often very poor, and this explains
the bad results obtained under such strong changes in the image : in case of a
real rotation the point detection can result in errors up to 2 pixels ; in case of
a signi�cant scale change the point detection results in even more important
errors. If interest points are located with the accuracy of 0.5 pixel, then the
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results increase up to 90% of correct matches even under the strong conditions
we were considering here.

A possible extension of our work is to include a�ne deformations. The
problem is then to determine a�ne invariants and to calculate them on a
window support for which we allow a�ne variations.
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A Some more results

In this appendix we give results for the sequence \Sanja". The equivalent
�gures have been shown in section 3 for the sequence \Vangogh".
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Figure 16: Percentage of correct matches with respect to the rotation angle
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Figure 17: Evaluation of the in
uence of the detector; percentage of correct
matches with respect to the rotation angle, the size � of the Gaussian is 3
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Figure 18: Percentage of correct matches with respect to the scale factor
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Figure 19: Evaluation of the in
uence of the detector; percentage of correct
matches with respect to the scale factor, the size � of the Gaussian is 5
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